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DOMINANCE AND REGULARITY IN COXETER GROUPS

Abstract
by
Tom Edgar

The main purpose of this thesis is to generalize many of the results of Dyer,
[18]. Dyer introduces a large family of finite state automata that are demonstrated
to recognize many natural subsets of Coxeter groups. In the current work, we
consider generalized length functions in Coxeter systems and show that these
length functions lead to a larger family of finite state automata, which in turn
recognize a larger class of natural subsets of Coxeter groups. By a well-known
result, these subsets (called regular subsets) will then have a rational multivariate
Poincaré series.

Dominance order on the set of reflections (or positive roots) of a Coxeter system
plays a major role in the study of regular subsets. We draw the connection between
dominance in root systems and a notion of closure in root systems. We describe
some conjectures, due to Dyer, [I7], and introduce a conjectural normal form for
Coxeter group elements related to closure and dominance.

In [14], Dyer introduced the notion of the imaginary cone to characterize domi-
nance. We investigate the imaginary cone in the special case of hyperbolic Coxeter
systems. We show that any infinite, irreducible, non-affine Coxeter system has
universal reflection subgroups of arbitrarily large rank. This allows us to deduce

some consequences about the growth type of Coxeter systems.
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This diagram shows the idea of generalized length in By = (r,s,t |
r? =52 =12 = (r)? = 1,(rs)* = (st)* = 1). Each group ele-
ment corresponds to one of the alcoves, with the yellow triangle
representing the identity. Each reflection corresponds to one of the
affine hyperplanes, and the color of the hyperplane distinguishes the
conjugacy class. There are three conjugacy classes. The standard
length counts the number of affine hyperplanes separating w from
the yellow alcove. The generalized length counts this same num-
ber but retains additional information about the conjugacy class
of each affine hyperplane separating w from the identity. For the
w specified above we have [(w) = 12 while [,(w) = (3,6, 3) where
p represents the function taking distinct values on each conjugacy
class. ...

This diagram shows the tiling of the plane corresponding to B, as
in Figure|3.1} Each of the gray regions is an intersection of two half
spaces, and thus each is p-completely regular for any p. Then, the
total gray region is a union of two p-completely regular sets and so
is p-completely regular itself. Therefore, this set also has a rational
multivariate Poincaré series. . . . . . . . ... ...

This is a schematic diagram of the root system for (I, S) infinite.
& consists of the roots which are non-negative linear combinations
of a,. and a,. The dotted ray through the origin represents a limit
line of roots. If C1 and C2 are not both satisfied by ®* then ¥ is
pictured above with the roots in ¥ labeled by e, and those not in
U labeled by o. . . . . ...
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CHAPTER 1

INTRODUCTION

In this dissertation, we investigate some of the applications of dominance order
on the root system (or reflections) of a Coxeter group. Dominance was first defined
by Brink and Howlett in [5], where it is used to show that Coxeter groups are
automatic. Brink further investigates the dominance minimal roots in [4].

Despite this work, the dominance order is still poorly understood in general.
More recently, in [I5] Dyer has employed the idea of using the imaginary cone
as a combinatorial tool for studying dominance in the root system. Our general
goal will be to further the understanding of the role dominance plays in different
aspects of study in Coxeter systems. The dissertation is organized as follows.

Chapter 2 introduces the basic background information necessary to develop
the results in the later chapters. These ideas will be used throughout the thesis.
The thesis is broken up into three independent parts, which are loosely related
through their connections to dominance order.

In Chapter 3, we examine general length functions on Coxeter systems. These
give rise to a class of height functions, which we demonstrate can be understood
by studying the weak order and give a nice characterization of dominance order.
These height functions allow us to define certain finite sets of reflections that parti-
tion the entire set of reflections. We begin Chapter 4 by defining regular languages

and finite state automata. We are then able to use the partition of the reflections



described in Chapter 3 to define a class of canonical finite automata for the Cox-
eter system. These automata generalize the automata defined by Dyer in [I8]. In
Chapter 5, we use the automata defined in Chapter 4 to describe large classes of
regular subsets of Coxeter groups, i.e. sets that can be recognized by a finite state
automaton. We introduce different types of regularity; in particular, our notion
of p-complete regularity allows us to easily describe certain regular subsets of a
Coxeter group. Regularity has some interesting and important implications for
(multivariate) Poincaré series of subsets of a Coxeter system, and we will discuss
these briefly. Due to the fact that many natural subsets of Coxeter systems cannot
be described as completely regular in the sense of Chapter 5, we use Chapter 6
to define an alternate type of regularity, which will allow us to demonstrate the
regularity of many subsets of the set of reflections in a Coxeter system. We end
with a characterization of regular sets inside of products W™ x T where W is a
Coxeter system with 7' the set of reflections. Finally, in Chapter 7, we describe
how the finite sets that give regularity also lead to a large family of modules for
the generic Iwahori-Hecke algebra.

Next, in Chapters 8 and 9, we discuss a notion of closure in the root system
(or reflections). Chapter 8 classifies possible partial orders on a Coxeter system,
generalizing Bruhat order, using certain closed subsets of the roots. These results
appear in [20] as well. Chapter 9 focuses on discussing closure in general and other
types of subsets of roots. We outline some conjectures, posed by Dyer (see [17]),
involving closure in the root system. We also describe an application of these
conjectures related to closure of the sets defined in Chapter 4, which would lead
to a normal form for elements of the Coxeter group.

Finally, in Chapters 10-12, we investigate some properties of the imaginary



cone, especially in hyperbolic Coxeter systems. In Chapter 10, we provide some
characterizations of hyperbolic Coxeter systems. As a byproduct of our charac-
terizations, we obtain a simple, case-free proof of the well known fact that any
Coxeter system contains a hyperbolic subsystem as a standard parabolic subsys-
tem. Chapter 11 focuses on studying the imaginary cone in the case of hyperbolic
Coxeter systems. We use the imaginary cone to show that any Coxeter system con-
tains universal reflection subgroups of arbitrarily large rank. Furthermore, in the
hyperbolic case, the positive spans of the simple roots of the universal reflection
subgroups are shown to approximate the imaginary cone (using an appropriate
topology on the set of roots). This answers in the affirmative a question due to
Dyer [15] in the special case of hyperbolic Coxeter systems. Lastly, Chapter 12
uses the results from Chapter 11 describing large universal reflection subgroups
in any Coxeter system to extend the results of [29] regarding exponential growth

in parabolic quotients in Coxeter groups.



CHAPTER 2

BACKGROUND MATERIAL

We begin with a chapter introducing the basic objects and terminology used

throughout the thesis.

2.1 Coxeter Groups

Definition 2.1.1. We define a Coxeter system to be a pair (W, .S) consisting of
a group W and a set of generators S C W subject only to relations of the form
(ss")™=) = 1 where m(s,s) = 1 and m(s,s') = m(s',s) > 2 for s # s'. If s and

s’ have no such relation, we say that m(s,s’) = oc.

We may sometimes abuse terminology and call (I, S), or W, a Coxeter group.

For general results about Coxeter groups, we refer the reader to [23] or [2]. In
general, S does not need to be finite. For many of the results we will state we
need S to be finite. We shall specify when this is the case.

Every element w € W can be written as a product of the generators w =
$1S9+++ Sm, each s; € S. If m is minimal among all such expressions for w we will
say that sysg--- s, is a reduced expression for w and we say that w has length n,
ie. l(w) =n. Sol: W — N denotes the standard length function on (W, S).

We let T' denote the set of W-conjugates of S, T := |, wSw™t, and call

T the set of reflections. Then, following [19] we define N : W — Z(T) to be



the “reflection cocycle” given by N(w) = {t € T| l(tw) < I(w)}. We call N(w) a

cocycle because it satisfies the cocycle condition:
N(zy) = N(z) + aN(y)z~"

where + represents symmetric difference on the power set of T, A+ B = (AU
B)\ (AN B). The existence of this cocycle implies that W acts on Z(T") by
w-A=Nw)+wAw ! for ACT.

2.2  Root Systems

Without loss of generality, we will assume that (W), S) is realized in its standard
reflection representation on a real vector space V' with II denoting the set of simple
roots and (—,—) : V' x V — R representing the associated bilinear form given
by (o, B) = — €08 i if m(sq,s5) # oo and (a,5) < —1 otherwise. Then
we denote the roots and positive roots by ® and ®* respectively. Recall that
¢ = dTU — ¢, and we may sometimes write ¢~ := —PT,

For a € ® we let s, € T represent the corresponding reflection. Recall that
the set of reflections are in bijective correspondence with the set of positive roots

under the bijection o + s, : 7 — T. For t € T, we will let oy € ®* denote the

unique positive root a with s, = t. We recall the following two facts

l(wt) < l(w) & w(ay) € @™ fort € T and w e W (2.2.1)

l(tw) < l(w) & w (o) €D fort €T and w € W (2.2.2)



We can then describe the W-action on ® in terms of the length function [ by

the following formula

1, if l(wt) < l(w)

(2.2.3)

w(toy) = Feppp-1, € =
-1, if l(wt) > l(w)

forany we W and t € T.

2.3 Reflection Subgroups

We call a subgroup W' of W a reflection subgroup of W if it is generated by
the reflections it contains, W’ = (W' N T). It was shown by Dyer ([19]) and
Deodhar ([10]) independently that any reflection subgroup is also a Coxeter sys-
tem; moreover, any reflection subgroup has a canonical set of Coxeter generators
x(W ={t e T| N(t) n W' = {t}}. We say a reflection subgroup is dihedral
if it is generated by two distinct reflections or equivalently |x(W')| = 2. We let
lw'xowry : W' — N be the length function for (W', x(W’)) and 7" = W' NT
be the set of reflections of W’. Due to [19], Ny (x) = N(z) N W' for all
reflection subgroups W’ where Ny, y+y) is the reflection cocycle for (W', x(W')).

Any dihedral reflection subgroup, W’ = (s,,sg), is contained in a unique

maximal dihedral reflection subgroup, namely (s,| v € ® N (Ra+ Rp)). We let

M ={W' < W| W' is a maximal dihedral reflection subgroup}

Mo = (W' € M| W' = ).



For any reflection t € T', we get the following set:
My ={W'e H|teW'}.
The previous remarks imply that

T\ =, (VAT {1 (23.1)

where U represents a disjoint union.

Since any reflection subgroup is also a Coxeter system (W', x(W’)), we let @y,
®y/, yy» € @ be the set of roots, positive roots, and simple roots for (W', x(W’))
sitting inside the root system for (W, .S). We have that &y = {a € ®| s, € W'}.

For any w € W, there exists a unique z € Ww with N(z)NW' = ) (likewise a
unique x € wW’ with N(z=H)NW’ = 0). According to [19], we have x(w™'W'w) =
I (W')z. Let w = yz with y € W’. Then a — w™ (o) = 27 'y~ () induces a
bijection @y 5 D1y This bijection is obtained by composing the bijection
a—y Ha): Oy S Oy given by the action of 1 € W’ on the root system of
W' and the bijection a — 27 () : Py S Dyryyry = Pty give by the action

of z. Since N(x) N W' = (), the latter bijection preserves positive roots as well.

2.4 The Weak Order on 7" and the Set of Elementary Reflections

Much of the terminology of this section is described in terms of the root system
in [2]. We will instead use terminology associated to the set of reflections when
possible. For any reflection ¢t € T, we define the standard height to be h(t) :=

hw,s)(t) = l(t)z_l-

At this point, we define a partial order on the set of reflections. For any



t,t' € T, we set t — t' if there is some s € S (it is unique if it exists) such that
t' = sts and [(t') = [(t) + 2 (or equivalently h(t') = h(t) + 1). Let < be the
partial order on T given as the reflexive transitive closure of —, and call (7', <)
the reflection poset or the weak order on T'. It is clear that h is the rank function
for (T, <).

From the formula given in ([2.3.1), we see that for t € T we have

h(t) = > hav ) (t)

W'e

where hgy ) is the height function for (W', x(W’)). Now, we use this charac-

terization of height to introduce the “oco-height” of a reflection as follows.

W) = Y by (t). (2.4.1)
W'e s
W00

We now introduce a special subset of the reflections. Let Ty := {t € T'| h*°(t) =
0}. We call this set the set of elementary reflections. Using the bijection between
T and ®T, this set is in bijective correspondence with the elementary roots defined
in [5]. In that paper, Brink and Howlett also demonstrate that this set is finite.
For another description of this fact, see [2].

More recently, Dyer has shown similar sets to be finite. More precisely, we
define, for any n € N, T,, := {t € T| h*°(t) = n}. For these sets, we have the

following theorem, due to Dyer, found in [14].

Theorem 2.4.1. Let (W, S) be a Cozeter system with reflections T. If S is a

finite set, then T, is a finite set for all n € N.

These sets of reflections, as well as others like it, will be defined in more



generality in Chapter |3, and we will make extensive use of these types of sets in
Chapter 5| in order to demonstrate nice regularity properties of Coxeter systems.
We will also use these sets to define certain modules for the generic Iwahori-Hecke

algebra associated to (W, S) in Chapter [7]

2.5 Dominance Order on T’

The set of elementary reflections also has a nice characterization in terms of
another partial order on the set of reflections; it is the set of minimal elements of
this partial order. Dominance order was initially defined in [5]. The elementary
reflections and the dominance order are studied in more detail in [4]. The basic
properties of dominance can be found in [2],[4], or [5], but we will include a few
results here.

We will first define dominance on the root system associated to (W, S) and use
the canonical bijection of positive roots with reflections to transport the definition
to the reflections.

We say that o € & dominates f € & written f =< « if, for all w € W,

w(a) € &~ implies that w(f) € ¢~

Lemma 2.5.1. 1. If a,8 € ®, then a dominates § in ® if and only if for
some (respectively every) reflection subgroup W' of W with s,,sz € W', a

dominates B in Oy (with respect to W').
2. = 1is a partial order on .
3. Multiplication by —1 is an order-reversing bijection of (®, <) with itself.

4. The W-action on ® is as a group of poset automorphisms of (¥, <).



Proof. First, suppose that 5, € ® and that s, and sg are contained in a reflection
subgroup W’. According to section 2.3 we have that for any w € W, there is
r € wW’ with N(z7') N W’ = 0, and a — z(«) is a bijection, which preserves
positive roots, between ®yr and D ,ypr-1. Let w = xy with y € W'. Suppose
that 5 < « in @y with respect to W’. Then if w(a) € &, we have xy(a) € &~
and so y(a) € ®y,. Thus, w(f) = zy(B) € z(Py,) = Py, C ¢~ and so f < «
in . If 8 < «a in @, then by definition, w(«a) € &~ implies w(H) € ¢~ for all
w € W and so this is true for all w’ € W as required for 1. We now describe
the dominance order on dihedral Coxeter systems. Let (W, S) be dihedral, with
S = {r,s}. Then if W is finite, all the (finite) elements of ® are incomparable
in <. If W is infinite, then the dominance order is given by the coarsest partial

order satisfying the relations

Tt = Olgrgrs = T Ogrg X — 0 X O <X Qpgr < Qlpgrgy =<

and

T Qpgrgr R T Qg <X —Qp < Qg < Qgpg R Qlgpgps = 00

In either of these cases, it is clear that (®, <) is a partial order. For general
(not necessarily dihedral) (W,S), it is clear that < is reflexive and transitive by
definition. Then, antisymmetry in general follows by using antisymmetry in a
reduction to a dihedral reflection subgroup. Namely, suppose f < o < [ with
a # B in ®, and then consider W’ = (s,, s3). Due to 1, we see that § < a 2 8
in &y, and by antisymmetry in the dihedral case, we get that o = 3, which
is a contradiction. Finally, 3 and 4 are simple consequences of the definition of

dominance. In particular if 8 < « then w(5) < w(«) since for any v € W we have

10



uw(a) € ¢~ implies that vw(p) € O~ O

Then, as stated before, we use the canonical bijection between ®* and T to
define the notion of dominance on the set of reflections. We have that sg < s, if
and only if 8 < « in ®*. This is equivalent to ¢’ < t if for all w € W we have
[(wt) < l(w) implies that I(wt") < [(w); in this case, we say that ¢ dominates ¢'.
We will write (7', =) when referring to the set of reflections partially ordered by
dominance.

We recall that in a poset, we say an element a covers an element b if b < a and

there is no z € P with b < 2z < a.
Lemma 2.5.2. Let (W, S) be a Cozeter system.

1. If s,t € Ty generate an infinite subgroup, then {s,t} is the set of canonical
Coxeter generators for the maximal dihedral reflection subgroup of (W,S)

containing {s,t}.

2. If a, p € O are distinct elementary roots (i.e. s, and sg are in Ty) and
(Sa, Sp) is an infinite dihedral reflection subgroup then [ covers —a in dom-

mance order.

Proof. Due to the definition of A% in equation (2.4.1)), we know that ¢ € T} if and
only if

0="h%F) = > haywy(t)
W'e s
W/ [=o0

which implies that Ay, (t) = 0 for all infinite dihedral reflection subgroups
W'. Therefore, by the definition of the height, we see that ¢t € x(W’) for all
infinite, maximal dihedral reflection subgroups of W with t € W/ N'T. We see

that 1 follows from this fact. To prove 2, since (sq, Sg) is infinite then —a <

11



by the description of dominance in infinite dihedral reflection subgroups given in
2.5.1] Suppose that v € ® and —a < v < . Since [ is elementary, we cannot have
~v € ®F; similarly, since « is elementary and —y < « we cannot have —y € ®* so

that v & ®. This contradicts the fact that ® = dTUd~. m

Remark 2.5.3. In [14], Dyer uses the notion of the imaginary cone in a Coxeter
system (see Chapter to characterize dominance. He demonstrates that every

covering o/ < ' in dominance order is in the W-orbit of a covering a@ < 3 as in

part 2 of 2.5.2

12



CHAPTER 3

GENERALIZED LENGTH FUNCTIONS

In this chapter, we begin by introducing a family of generalized length functions
on a Coxeter system. These length functions replace the standard length function
on (W, S) by taking values in N* for some k > 1 instead of simply taking values in
N. In a similar manner to section[2.4] these length functions will allow us to define
corresponding height functions and, more importantly, a class of “infinite-height”
functions on the set of reflections. These height functions lead to a partition of the
set of reflections with interesting applications. Due to Theorem [2.4.1] these sets
of reflections turn out to be finite. We will use the finiteness property to develop
many canonical automata in Chapter [

We proceed by interpreting these height functions in terms of the poset (7', <)
(weak order) as defined in section 2.4 In turn, we further obtain monotonicity
properties of these length and height functions with respect to the dominance
order.

Finally, we demonstrate a basic recurrence formula for the reflection cocycle
on (W, S) in terms of this new partition of 7. We end with a few results that will
be important in the following chapters. Many of the results generalize some of the

results in [I§].
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3.1 Commutative Monoids

At this point we want to define a commutative monoid M. We have two
equivalent definitions for M which we introduce below. Both definitions will be
useful for different applications, but it will be clear from context how we want to
view M since one definition will have multiplicative notation and the other will
have additive notation.

Let X be a finite set of indeterminates and Z[X] be the corresponding integral
polynomial ring. We say m € Z[X] is a monomial if m =[] _x 2% where a, € N
for all z € X. Let M := Mx be the set of all monomials of Z[X], that is
M = {m| m € Z[X]; mis a monomial}. For any m € M, m = [[ x 2%,
define the degree of m to be deg(m) := " _x a,.

If we fix an order for X = {x,...,x;}, we can also consider the commutative
monoid N¥ defined by the map ¢ : M — NF given by m = a{*2§?- - z* —
(ay,...,a). Since € is an isomorphism, we will abuse notation by setting N*¥ = M.
The manner in which we view M will be clear depending on whether we use
additive or multiplicative notation. We note that for m € M, deg(m) =" _ a,
is independent of how we view M. For any monomial m = (ay,...,a;) we let
m(i) := a;.

For X as above, let X' = {z7!| z € X}. We can define M’ := {m| m €
Z[X,X~!; m is a monomial} = ZF. This set has a natural group structure. We
will also view M as a subset of M’; in the case when we view M additively,
this will explain using the notation m — n (and will explain using division when
viewing M multiplicatively).

We place a partial order <), on M as follows. For any m € M and n € M,

we say m <, n if and only if = € M C M’ (additively this means n — m €
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M C M) . For z € X, we say that m <, n if 2 = 7 and call this a covering
relation of type z. It is clear that if m <\, n and m <, m’ <, n then m’ = m or
m’ = n. From this point on, we will write <:=<,,; this will not cause confusion
with < on T as the context will make clear which < is intended.

Now, by an ordered generalized partition of a monomial m we will mean a
tuple M = (mj, ms,...), m,, = 0 for n > 0, with deg(m;) >deg(my;) for all i < j
along with [[, m; = m. Next, we define an equivalence relation, ~, on the set of
ordered generalized partitions in the following way. Let (m;, my,...) ~ (ny, ny, ...)
if there exists a permutation of the natural numbers, o, such that m; = n,,
for all 7. For (m;,msy,...) an ordered partition, we let M = [(m, my,...)] be
the equivalence class of the ordered partition. We call these equivalence classes
generated by this relation unordered generalized partitions. For any unordered
partition M = [(m;, my, ...)], we define |[M| := [], m;. All the terminology of the
partial order on M can be phrased additively if necessary.

At this point, we can define a partial order on the set of unordered generalized
partitions. Let M and N be any two generalized partitions. Then we say that
M < N if there exists (m, my,...) € M and (ny, ny, ...) € N such that m; < n; in
M for all 7. For any z € X, we define the covering relation of type z by M <1, N
if there exists (m;, my,...) € M and (ny,ny,...) € N and j € N such that m; = n;

for all @ # j and m; <, n; in M.

3.2 A General Length for Coxeter Systems

Suppose we have a fixed Coxeter system (W,S). Let M be the additive,
commutative monoid described in section where M is generated by a finite

set X = {xq,...,zx} of indeterminates. Suppose that we are given a surjective
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function p : T'— X satisfying p(t) = p(t') if ¢ is conjugate to t', i.e. if there exists
v € W with t = vt'v™!. For any reflection ¢t € T, we say that ¢ is of type z; if
p(t) = z; where z; € X (for simplicity we will usually say that ¢ is of type p(t)).
Until further notice, we will view M with additive notation and we will, for ease,
let p(t) represent ((p(t)).

We define a family of “length” functions in the following way. Let W’ be any
reflection subgroup of W and w € W’ where w = r;...r,, is a reduced expression
with r; € x(W’). Then we define [,y : W' — M by L, w(w) = l,w(r1..7,) =
p(r1) +p(r2) + - - - + p(ry). See figure |3.1| for an example.

Similarly, for any reflection » € W/ NT with r = r{..r,rmi1...Tomy1, we define
a corresponding “height function” hy,w+ : T'— M by h,w(r) = p(r1) + p(r2) +
-+« + p(ry). Finally, for any r € W/ N'T where r = ry..1 pmi1...Tomy1, We define
c(r) :== p(r) = p(rms1), which is called the center of r. Note that for ¢t € T,
Lyw (t) = c(t) + 2h, wi(1).

From these height functions, we get the following functions on reflections as
well. For any union & C .# of W-orbits of maximal dihedral reflection subgroups

on ./ , we define

hwpo it > hywi(t) (3.2.1)
WIGK///i
w'eo
and
lwpo 2t c(t) + 2hwpo(t). (3.2.2)

In this thesis, we will only consider the case where 0 = ..

Remark 3.2.1. We note that, considering terminology from section [2.4] we have

h>(t) = deg(hwp,.a.(t)). Also, if M = N and ¢(t) = 1 for all t € T, then
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Figure 3.1. This diagram shows the idea of generalized length in B, =
(rys,t|rt=3s>=1>= (rt)> = 1, (rs)* = (st)* = 1). Each group element
corresponds to one of the alcoves, with the yellow triangle representing the
identity. Each reflection corresponds to one of the affine hyperplanes, and
the color of the hyperplane distinguishes the conjugacy class. There are
three conjugacy classes. The standard length counts the number of affine
hyperplanes separating w from the yellow alcove. The generalized length
counts this same number but retains additional information about the
conjugacy class of each affine hyperplane separating w from the identity.
For the w specified above we have {(w) = 12 while [,(w) = (3,6, 3) where
p represents the function taking distinct values on each conjugacy class.
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h=(t) = hwg.n (1).

Lemma 3.2.2. Let (W,S) be a Cozeter system, and let <y be ordinary Bruhat
order on (W, S) (see Chapter[§). Letx,y € W withx <y y. Then for all reflection

subgroups W' C W with x,y € W', the following hold.
1 Lw (z) <l,w(y), and
2. hywi(x) # hpw(y) if v,y e TAW".
3. hpw(x) < hpwi(y) if e,y € TOW' and c(z) = c(y).

Proof. We know that x <y y in W if and only if x <y y in W’ for all z,y € W’ C
W. The subword characterization of Bruhat order and the definition of [,y in

terms of reduced expressions imply 1. Finally, 2 and 3 follow from 1. O

3.3 Infinite Heights and Generalized Partitions for Reflections

According to equation (3.2.1)) we can attach an unordered generalized partition
to each reflection ¢, My, 4. (t), where each part, m;, is given by some distinct

hyw (t) with W' € M.
Lemma 3.3.1. Lett € T and s € S with l,(sts) = 1,(t) + 2p(s). Then

1. hwp.a.(5tS) = hwp.a. (t) if (s, t) is finite and hw,p g (sts) = hwp a.. () +

p(s) if (s,t) is infinite.

2. Mwp.a..(sts) = M, n.(t) if (s,t) is finite. If (s, t) is infinite then

Mwp, 40 (t) <p(s) Mwp,.a. (5t5).

Proof. Let W' be a maximal dihedral reflection subgroup. According to if
s & W' then N(s) N W' = 0 so (W, x(W") = (sW's,sx(W')s) and thus
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hyswis(sts) = hpwi(t). If s € W', then s € x(W’) and sW's = W, and it
follows that h,w(sts) = hyw(t) + p(s). Now, since Mys = {sW's| W' € #,}, if
(s,t) € M N Mo then we have

hwp, a.. (sts) Z hyw(sts) Z hy swis(Sts)

W/G-///sts W’E//lt
W'e M W'e M
Z hpw(t) = p(s) + hwp,.a. (1)-
W’ELﬂt
W'e M

Otherwise we have

th ///oo StS Z hp W’ StS Z hp sW's StS

W'eMsts W'e
W'e Mo W'e o
Ww'e My
W'e M
Based on these results, the lemma follows clearly. O

3.4 Infinite Height and the Weak Order

Consider the Hasse diagram of the weak order (T, <) as a directed graph with
vertex set T' and directed edges (¢,t') from ¢ to t' for all t,¢' € T with ¢t — ¢.
Furthermore, we can regard this graph as a labeled directed graph by labeling
the edges as follows. For any edge (¢,t'), we know there is a unique s € S with
t' = sts. From this, we can label the edge (¢,¢") with label p(s), and we call this
edge an edge of type p(s). We say that an edge (t,t") is p(s)-short if it is labeled
with p(s) and if hwp s (t') = hwp.a (t), ie. if (¢, s) is finite. We say that the
edge is p(s)-long if it is labeled with p(s) and hwy s (t') = hwp.a. () + p(s),

i.e. if (t,s) is infinite. Based on this, we see that for any ¢ < ¢ in (7, <), the
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number of p(s)-long edges (z;_1,x;) in a chain t = 29 — 1 — ... = x, =t is
the m(j) = hwp. v (t')(J) — hwyp.n. (t)(j) where p(s) = x;. Furthermore, for any
fixed ¢, then maximal number of p(s)-long edges in chains g — x; — ... > x, =1

is hwp. n. (t)(7) and this maximum is realized if zo € S.

Corollary 3.4.1. The map t — My, 4. (t) is an order preserving map from the

reflection poset of (W, S) to the poset of generalized partitions.
Proof. This follows directly from part 2 of Lemma [3.3.1] O

Remark 3.4.2. Notice that for t < ¢, we have that ¢(t) = ¢(¢') by definition of the

weak order.

3.5 The Root Poset

The reflections endowed with weak order as a poset is isomorphic to a subposet
of another poset which we briefly introduce. We call this poset the root poset
denoted (@, <). Define — on ® by a — ( if and only if there is some ~ € II such
that = s,(a) and (y|a) <0, i.e. f—a € Ro¢y. Then, we let < be the reflexive
transitive closure of —.

We can consider the Hasse diagram of (®, <) as a directed graph with vertex set
® and edges (a, f) whenever a — 5. We label all edges by their type p(s,) where
s, is uniquely determined by 8 = s, («) where v € II. We say an edge is p(s,)-long
if it is labeled with p(s,) and if (a|y) < —1, otherwise we call it p(s,)-short. It
is clear that the relations (7, —) and (®*, <) are obtained by transporting the
relations from (7', —) and (T, <) by means of the bijection s, — « from T to ®7.
We note that this correspondence also respects edge lengths and types, i.e. the

edge (o, B) is p(s)-long if and only if the corresponding edge (s4,sp) is p(s)-long.
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Using this correspondence, we translate the basic properties of the reflection
poset into corresponding properties of the root poset. In particular, we introduce

the following length function on the roots.

Iwp.a,(Sa) if a € ®F
Lvwp,.a () = " (3.5.1)
—lwp.a.(5a) Hfaed”

Lemma 3.5.1. 1. For a < 8 in @, the interval [, 5] is finite.
2. The map a — —a is an order-reversing bijection of (®, <) with itself.

3. Let o = ag = a1 = ... = ay, = B be a mazximal chain in (P, <). Then for
any z; € X, the number of z;-long edges (c;_1, ;) in the chain (regarded

as a path from « to ( in the Hasse diagram) is equal to m(i) where m =

LW,p,.//loo (B)fLW,p,.//loo (a)
2 .

Proof. First, 1 follows from the corresponding fact that intervals are finite in
(T, <), and we remark that 2 is clearly true since —a — « for all o € II.

Now, suppose that «, 8 € &%, then s, < sz in (7,<). Let d := s, < 84, <

-+ < 84, < sg be the maximal chain from s, to sg. Then according to ,

1

hwp, .. (55)(1) — hwp,.a.. (Sa)(2) is the number of z;-long edges in the chain. By

definition of Iy, 4. we have that

Wi (58) —c(88) ([ lwp.soo(8a) — c(5a)
Mt (58) — hwp, s (50) = —F 5 £ _ 2 5

and by Remark we know that since s, < sg then ¢(s,) = ¢(sg) and the result
follows in this case. Similarly, if o, 3 € ®~ then —a, —f € &+ and —8 < —a and
the proof follows from above.

This leaves us with the case that & € &~ and § € &' (notice we cannot have
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a€ dtand f € 7). Let oy € &~ and ;11 € T, then since oy — ;11 we
must have —a; = a;41 (since the only positive root made negative by s., is v for
v € II). In this case, we have that the edge (a;, ait1) is p(sa,,,)-long. Note, that
since o < a1 < B we have ¢(sq) = ¢(s3) = ¢(Sais,) = P(Sas,,) by Remark [3.4.2
and the definition of ¢. Then, using the previous argument, we know that the
number of x;-long edges in a — a3 — - -+ — «; is equal to the number of z;-long
edges in —a; = —a;—1 — - -+ — —a which is hyw,z (54) (7). Also, the number of
x;-long edges in o1 — @ipo — -+ = B hwp s (55) (7). Now we have the total

number of x; long edges is given by m(i) where

m: = hW’pJ/loo (85) + hW’pJ/loo (Sa) + C<Sai+1)
wpa(58) — c(38) | lwpat (5a) — €(54)
N 2 + 2

Wwp, at (5a) + lwp. a..(58)
; .

+ C(Sai+1)

3.6 Monotonicity Properties in Dominance Order on T’

Recall that using the canonical bijection between ®* and T', given by a + s,
we transport the dominance order on ®* to dominance order on 7. We have that
Sg = Sq if and only if 8 < a. This is equivalent to ' <t if for all w € W we have

[(wt) < l(w) implies that I(wt') < I(w); in this case, we say that ¢ dominates t'.
Lemma 3.6.1. Letr,t € T.

(a) t dominates r in T if and only if for some (respectively every) reflection
group W' of W with t,r € W', t dominates r in dominance order on the set

W'NT of reflections of (W', x(W")).
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(b) t dominates r if and only if either (1)t = r, or (2) (t,r) is infinite and

hnw(?"tr) < hp7w(t) .

(c) t dominates r if and only if either (1)t = r, or (2) (t,r) is infinite and
lpy[/(’l“t) < lp7w(t) and hnw(’f‘) ?é hpy[/(t).

(d) If r <t thent =r if and only if hyw(r) = hyw(t).

(e) Let t € T, % € X, and m = hw,p 4 (t). Then, m(i) = |{t’ € T|t' <
t; p(t') = x;}.
(f) If r < t, then hwp u. (1) < hwpu (t).

Proof. First of all, (a) follows from part 1 of Lemmavia the bijection between
positive roots and 7. We simply transfer the structure of dominance by this
bijection and the result holds.

Next, (e) is clear for finite dihedral groups. Now, suppose we have an infinite
dihedral group (W,S) with S = {r,s}. Then, as in [2.5.1, we know that the

dominance order on 7T in this case is the coarsest partial order satisfying

§ < 8rs < Srsrs < srsrsrs < - -

and

r <1rsr LXrsrsr X rsrsrsr < ---.

Using this description, (e) is readily checked. Then, for general (W, .S), for any
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r; € X we have
hwpaoo(D)(0) = > hpwe(£)(D)

= > W eW NT|H <wiyw) t; p(t') = a3}

W'e s
W'e M~

= Y |[tew'nT|t <t pt') =}
W'e s
W'e M

=|{t'eT|t <t; pt') =}

where the first equality is the definition, the second equality follows from the
dihedral case, the third equality follows from (a), and the final equality follows
from equation (2.3.1)).

Now, we can also prove (b) and (c) using this reduction to rank 2 as well. We
note that by the description for dihedral reflection groups above, (b) and (¢) hold
by inspection. For the general case of (b) with arbitrary (W,S), suppose that
t,r € T withr <tandt#r. Let W' = (r,t). Since r <t in W’, according to [4]
we have that W' is infinite. The dihedral case shows that we have hy, - (rtr) <
hyw(t). This implies that rtr <y t and we know ¢(t) = ¢(rtr). Therefore, Lemma
B-2.2 implies that hy,w (rtr) < hy,w(t). Conversely, if t # r and W' = (t,r) is
infinite with hy, w(rtr) < h,w(t), then rtr <y t so that h,w (rtr) < hy,w(t) by
Lemma [3.2.2} from (b) in the dihedral case along with (a), we have r < ¢. Next,
(c) follows in a similar manner. For r <t € T with ¢t # r, let W' = (r,t). Then
by the dihedral case, 1, w+(rt) < l,w/(t) and hy,w (1) # hpw(t). Hence rt <y t,
and r <p t (by height requirement) in W’ and thus in W as well. Therefore, by
Lemma [3.2.2] I,w (rt) < l,w(t) and hyw(r) # hyw(t). Conversely, if W’ = (r,t)

infinite and 1, w (rt) < L, w(t) then rt <y t and so I, w(rt) < l, w(t). This implies
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r <g tort <pr (by inspection of infinite dihedral case). Due to the fact that
hpw(r) # hpw(t), we must have r <y t and so h,w(r) # hy,w(t) by Lemma
3:2.2} consequently, r < ¢ in W’ and thus in W by (a). Finally, (d) follows from
(b) and (f) follows from (e) directly. O

3.7 A Partition of the Reflections

At this point, we define certain subsets of the set of reflections, T', of a given
Coxeter group (W, S). These sets are analogs of T,, from section 2.4 For any

monomial m € M, define Ty, := {t € T| hwyp, . (t) = m}.
Proposition 3.7.1. Suppose S is finite. Then Ty, is finite for any m € M.
Proof. This follows from Theorem since Try C Thepm) and deg(m) € N. [

Recall (M, <) from section 3.1} For any m € M, let Ty == o T

n<m - n-

3.8 Recurrence Formulae

We now further extend the results of [I8]. Recall the reflection cocycle N :
W — P(T). For any m € M and w € W, we define Ny, (w) := N(w) N T<p.

Proposition 3.8.1. Letw e W, s € S, and m € M.
(a) If s & Nm(w) then Ny(sw) = ({s} U sNm(w)s) N Tep,.

(b) If s € Ny(w) and m > p(s), then Nm_pi(sw) = (sNm(w)s\ {s}) N

T<m—p(s)

Proof. Recall that N(sw) = {s} + sN(w)s so the containment of the right hand

side into the left hand side is clear for both parts. Now assume that s & Ny, (w).
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Then s € N(w). Let t € Nyy(sw) = N(sw) NT<m = ({s} UsN(w)s) N T<pm, and
then let ¢ = sts. If t = s then we clearly have t = s € ({s} U sNm(s)s) N T<m. If
t #s,thent € sN(w)s and so t' € N(w). If t = then we already have assumed
t' =t € T<m and so this proves that ¢’ € Ny (w) so that ¢ € sNy(w)s and thus ¢
is in the right hand side. If (s, ) is finite or if [,(¢) = [,,(¢') +2p(s) then by Lemma
we know that hw, sz (t') < hwp,.z.(t) < m by assumption that t € T<yy,;
thus, ' € Ny(w) and t € sNy(w)s as well as the right hand side. This only
leaves the case where (s,t) is infinite and [,(t') = [,(t) + 2p(s). Let W’ = (¢, s).
Since s € S, then we know that x(W’) = {r, s} for some r € T'. By assumption,
s¢ N(t) and t # 1 € W’ so we must have r € N(t). Therefore, we know by the
proof of Lemma [2.5 that ¢ dominates r. We have assumed that ¢ € N(sw) and the
dominance then implies that » € N(sw) as well. Also, by our first assumption, we
know that s € N(sw) as well, but this forms a contradiction since we now have
(t,s) = (r,s) C N(sw) (see [I7]). However N(sw) is finite, and we know that
(t,s) is infinite. Thus, we have a contradiction proving (a).

To prove part (b), assume that s € Ny (w). Thus, we have that s € N(w)
and so by symmetric difference we must have N(sw) = sN(w)s \ {s}. Let t €
Nm—p(s)(sw) = (sN(w)s \ {s}) N Tem_p(s)- Set t' := sts. Clearly we have that
hwp,a.(t') <m—p(s)+p(s) =msot' € T<y,. Also, ' € N(w) by assumption
that t € sN(w)s \ {s}. Thus, t’ € Nyp(w) and so t = st's € sNyu(w)s \ {s}, and

we already have assumed that ¢ € Tcpp,_p(s)- O

3.9 Monoids with Poset Structure

Let (P,<) be any poset and let M be an additively written commutative

monoid. Suppose we have a partial order <,, on M such that 0 <,, m for all
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me M and m < nif and only if m +k < n+ k for all m,n, k € M. In this
case, we say <, is compatible with the monoid structure on M. Furthermore,
let ¢ : P — M\ {0} be a map. Define an operator | — | : &5, (P) — M in the
following way, where &g, (P) represents all of the finite subsets of P. For finite

A C P, we have

A=) q(a) (3.9.1)

acA
Remark 3.9.1. Notice that if M = N with the usual total order and ¢(z) = 1 for

all x € P then this is the usual cardinality of a finite set.

An ideal I of P is a subset of P satisfying the following property: if z € I
and y < x in P then y € I as well. Any subset X C P is contained in a
smallest (under inclusion) ideal of P called the ideal generated by X. We say
an ideal, I, is principal if I is generated by a single element {z} with = € P.
We say that P is lower finite if every principal ideal is finite. If we have a lower
finite poset, we define ' : P — M by h'(x) = |[{# € P| z < z}|. For any
I' € M define Pr := {z € P| W(z) € T'}. We will consider certain cases like

Fr=<ym:={neM|n<ym}andI' =<pym:={n € M| n <) m}

Lemma 3.9.2. Let P be a lower finite poset, I be a finite ideal of P and m € M.

Then
(a) [I] Spmiff [I0 Peyym| Spm.
() Il =m iff |INPeyym|=m and I N Pc\ym =1 N P<,ym.

Proof. To prove (a), we will instead prove
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The fact that the right hand side implies the left is clear. So assume that || €
m. Now, we define B := {I’ C I| I’ is an ideal; |I'| £, m}. Since [ is finite, B
is clearly finite and nonempty since I C B. Let Iy € B be a minimal element of B
(with respect to inclusion). We note that || = 0 and due to the fact that m > 0
for all m € M, we must have |Iy| # (). Then, for any maximal element ¢ € Iy, we
know that J := Iy \ {t} is an ideal satisfying J C Iy C I. So by the minimality of
Iy, we must have |J| <,y m. Similarly, let K = {x € Iy| {y € In| y > =} = 0} be
the set of maximal elements in Iy, then J' = [ \ K must also have |J'| <, m.

So, for any ¢t € Iy we must have that h/'(t) = [{s € P| s < t}| <m |Io \ K| =
|J'| <m m. Therefore, t € P<, m. So we have shown that [y C I N P<,m and
thus |I N P<ym| >m o]l If [I N P<, m| <m m, then this would contradict the
fact that |Iy| £ m; thus, we have shown (a).

To show (b), we will use (a). First, suppose that |I| = m. This implies
that |I| €, n for all n <y m (where <ip, represents the covering relation for
<m). Using part (a), we have that |[I N P<,n| €m n for all n <y m. Putting
these all together we get that |I N Ukq,mP< k| €m n for all n <p m. Thus,
|1 N P< ym| £m 1 for all n <y m. However, we know that I N P., ,m C I so that
I N Peym| <m |I| = m, and thus we must have | N P., m| = m. Now, since
|I| = m, we have also by (a) that |I N P<,,m| <am m. Then, by our previous work
we know that m = [INP<, m| <m [INP<,m| <m msince INPc m € INP< m.
Since <, is compatible with the monoid structure, this implies that |[INP-_,| = 0,
and the fact that q(t) € Mxg thus implies that I N P—,, = (). Consequently, the
two sets must be equal, I N P, = I N P<,m.

Finally, we prove the other direction for (b). Assume that [/ N P, m| = m

and I N P<m =1 N P<,m. Since [I N P., m| =m, it is evident that || > m.
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Suppose, for the sake of contradiction, that [I| >, m. This implies that |I| £, m
and so by (a) we conclude that [/ N P<, ,m| £r m. However, this contradicts the

assumption that I N P m = I N P<,,m, which implies |I N P<;m| = m. O

3.10 General Length and the Reflection Cocycle

Lemma applies with P = T under dominance order by Lemma [3.6.1, M
the set of monomials with partial order as in section [3.1, and ¢ = p. Also by
Lemma [3.6.1] we can use b/ = hyw,, s and P<,,m = T<p, defined in the previous

section as they are compatible with our earlier notation for 7.
Corollary 3.10.1. Let m € M and xz,y € W.
1. Lw(z) <m iff [Nm(z)| < m.
2. Lyw(x) =m iff [Nm(z)| = m and UpamNn(z) = Nm(2).
3 Lw(xy) > Lw(z) + Lw(y) — 2m iff [Ny(z™h) N Ny (y)| < m.
4. Lw(zy) < lLw(x) + Lw(y) —2m if |[Np(z7') N N (y)| > m.

5 baw(ey) = (@) + bw(y) — 2m iff [Na(@™) 0 Na(y)] = m and
Un<am (Nn(xil) N Nn(y)) = Nm(xil) N Nm(y)'

Proof. First, we note that if w = r...r,, is a reduced expression, then N(w) =
{t;| 1 € {1,...,n}} where t; :== ry..7;_1r;7—1...11 (see [19]). From this we see clearly
that p(r;) = p(t;) so that we have [, = |N(w)|. Also, we remark that N(z) is an
ideal of T" under dominance order by definition, and so for any finite family (x;);cr
of elements of W, the intersection N;N(z;) is a finite ideal. From these remarks,

(1) and (2) follow directly from the previous lemma.
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The points (3) and (5) also follow using the cocycle condition N(zy) = N(x)+
N (y)z~! where + denotes symmetric difference. This condition along with the

interpretation of N(x) in terms of [, w(x) imply that

w (zy) = lLw(x) + Lw(y) — 2| N(@™) N N(y)|.

Then let I = N(x7') N N(y) and the Lemma implies (3) and (5).
Finally, if [Nm(2™') N Nm(y)| > m then by (3) we know l, w(zy) 2 Lw(z) +
l,w(y) — 2m. However, we also know that |[N(z7') N N(y)| = k > [Np(z7') N

Nm(y)| > m due to the containment of sets. So since

lpy[/(fb) + lp,W(y) +2m < lp7w({[') + lp,W(y) + 2k

we have that

Lw(ry) = lw () + Lhw(y) — 2k < Lw(z) + Lw(y) — 2m

as required for (4). O

We finish this section with a lemma that has the same ideas as the previous

lemma.

Lemma 3.10.2. Suppose that r,s € S and x,y € W with L, w(xr) > 1, w(x) and
w(ys) > lLw(y). Ifysy™' < awra™, then Lw(y 'z) < Lw(z) +Lw(y) — 2n

where n = hyw, 4. (ysy™).

Proof. We have s = y~tysy 'y <y tzra~ty since I, w(ys) > L, w(y). Therefore,
we know that I, w(y'ar) = lL,w(y~'z) + I,(r). Thus, by the exchange condition

we know that I, w(sy™ ar) > Lw(y'z) + L,(r) — 1,(s).
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Now, ysy ! < xrz~! and xrz~! € N(zr) so we must have ysy~' € N(ar).
ysy

Also, ysy~ € N(ys) by definition. So

ysy ™t € N(zr) N N(ys) = N(zr) N N((sy™H)™).

Therefore, we see that if n = hy, 4 (ysy™), we have |[N((sy~')™') N N(ar)| >
n + p(s) using Lemma [3.6.1} As in the proof of (4) from the previous lemma, this
implies that L, w(sy 'ar) < lw(sy™) + lw(ar) — 2(n+ p(s)). Putting together

the information we have, we get

v (y~'w) < L (sy™~ ar) = I(r) +1(s)
< lpw(ar) + lw(sy™) = 2(n+p(s)) — (1) + 1 (s)
< bpw (@) +1,(r) + Lw (y) + 1(s) = 20 = 2p(s) = 1,(r) + L(s)

= lw(x) + lhw(y) — 2n.
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CHAPTER 4

FINITE STATE AUTOMATA

In this chapter, we begin by introducing some standard terminology involving
finite state automata. For the basic theory of using automata in groups, we use
[21]. In [5], Brink and Howlett described a method of creating a finite state
automata that would recognize any finitely generated Coxeter system. For any
finite Coxeter system, the corresponding automata can be described by using the
Cayley graph of the group.

More recently, Dyer ([18]) has demonstrated a much larger class of finite state
automata that can recognize many different subsets of Coxeter systems as well.
We generalize the results of Dyer using generalized length functions from Chapter
Bl These length functions give rise to large class of finite state automata, which
are more powerful than the family of automata introduced by Dyer. We then
describe the corresponding languages (subsets of the free monoid S*) recognized
by our automata. These automata will be used in Chapter [5| to show that many

subsets of Coxeter systems are regular.

4.1 Regular Languages

We use this section to introduce the idea of a regular language of a monoid.

Let M be a monoid. By a (left) M-set, we mean a set A along with a function
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M x A — A given by (m,a) — ma such that 1ya = a for all a € A if 1), is the
identity of M and mj(moa) = (mymsg)a for all a € A and m; € M. In this case,
we say that M acts on A.

A subset M’ of M is called (monoid) regular if there is a left M-set A with
A finite, an element ap € A and a subset Ay C A with the property that M’ =
{m € M| may € A¢}. The following lemma is well known (see [2I]). We include

a proof here for completeness.

Lemma 4.1.1. The family of reqular subsets of M forms a Boolean subalgebra
H(M) of P(M). If M is finitely (or countably) generated, then Z(M) is count-
able.

Proof. Suppose that M; and My are both monoid regular subsets of M. We will
demonstrate that M{ = M \ My, M; U M, and M; N M, are all monoid regular as
well.

Since M; is monoid regular, there exists M-sets A; and A; with a; € A; and
(A;); C A; such that M; = {m € M| may € (4;)r}. Now, A, is finite and so
A’y = Ay \ (Ay)y is also finite. Then M{ = {m € M| ma, € A’} so M{ is regular.
Next, let B = A; x Ay and let m(a,a’) = (ma, ma’) be the action of M on B. Note
that B is a finite set. Then M; N My = {m € M| ma; € (A1)s;may € (A)r} =
{m € M| m(a1,a2) € (A1)fx (A2)s}. Let By = (A1) x (A2) s} and then M; N M,
is regular. Finally, My U My = {m € M| ma; € (Ay)f; or may € (As)s}. Let
By = (A1) x ApUA; x (Az)f C B and then MyUM, = {m € M| m(ay,az) € B}}

so My U M, is regular. ]

Now, let S be a set, called an alphabet. Elements of the free monoid S* on
S are called words. We call subsets of S* languages. Let .4 be an additively

written commutative monoid and let map L' : S — .4 be a map. Then, for
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any word s,...s; € S*, we can define the length ¢ : S* — A by l(s,...51) :=
L'(sp) 4+ -+ L'(s1). For example, if we let /" =N and L'(s) =1 for all s € S,
then ¢(s,...s1) = n. Also, for any word w = s,...s; € S* we define the transpose
T:8% = S* by f(w) :=w' = s1...8,.

Now, if A is a finite S*-set, then we can describe the action by restriction of
the multiplication map S* x A — A to a function p : S x A — A. Typically, p
is called the transition function of the S*-set A. Since the transition function p
can be an arbitrary function, we get a bijection between functions p: S x A — A
where A is a set and S*-sets A. If S is a finite set, then we define a regular
language on S to be a monoid regular subset of S*. Therefore, a regular language
is determined by a tuple (pn : S x A — A, ag, Af) where A is a finite set, p is
a function, ap € A and Ay C A. The language determined by previous tuple is

Z ={m € S*| mag € As} where the S* action is determined by .

4.2  Automata

We can equivalently describe the monoid regular subsets of S* by the termi-
nology of finite state automata. A finite state automaton for the alphabet S is a
tuple (A, ap,p0: S x A — A, Ay) such that A is a finite set with a distinguished
element g called the initial state, a finite subset A; C A called the accepting
states (or final states) and a transition function p. The automaton reads a word
w = §,...s1 from right to left, one letter at a time. The machine begins in the
initial state ag; upon reading a letter s;, the state moves from the current state,
a, to the state p(s;, a). We say the automaton accepts a word w = s,,...s; if after
reading w, the current state of the automaton is a member of A;. The set of words

accepted by the automaton is called the language accepted by the automaton. It
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is clear that the language accepted by the automaton (A, ag,pn: S x A — A, Ay)

corresponds to the regular subset of S* associated to A viewing A as an S*-set.

Example 4.2.1. Consider the affine Weyl group of type A; = (r,s | r2 = s2 = 1).

We know that the set of reduced expressions in A; is given by
{e,r, 8,18, sr,18", SIS, TSrS, ST'ST, ...}

Below, we have a finite state automaton that recognizes the set of reduced expres-
sions of words in ZI. A is the vertex set of the given graph, ag is the blue vertex,

and Ay is the set of non-red vertices. p: S x A — Ais given by the labeled edges.

4.3 Canonical Automata for Coxeter Systems

At this point, we want to describe some finite state automata for Coxeter
systems.

Almost all objects defined in the rest of this chapter depend on the choice of p
as in[3.2l We indicate when defining anything if it is dependent on p by including
an appropriate subscript or superscript. However, when using the terminology,
if there is no confusion about which function p we are referring to, we will leave
off the corresponding subscript or superscript for ease of notation. Also, since

(W, S) will be fixed, we let I, := [, w. Recall, that [, takes values in M (which
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depends on p) and that M has a partial order, which is described in section .
In this chapter, we view M additively; therefore, M = N¥ and M C M’ = ZF
(see section [3.1)).

Let (W, S) be a Coxeter system and S* be the free monoid on S. We denote
the natural monoid homomorphism from S* to W extending the identity map on
Sbyv:S5 — W. Let £, : S — M be the length of w = s, ---5, € S* given by
Cy(s1---sn) =p(s1) + -+ p(sn). Note ly(w) > 1, w(v(w)).

We associate to (W, S) an S*-set & = w.s). As a set we have
g{(wvsap) =g = {OO} U {(m7 A)| m € Ma A g Tgm}

The S*-action can be described by its restriction to a function S x & — &

given by (s,00) — oo and

00, if p(s) £mand s€ A
(s,(m, A)) (m — p(s), (s4s\ {s}) N T<mp(s))), ifp(s) <mandseA
(m, (sAsU {s}) NT<m), ifs¢ A

We may define sub-S*-sets ., = &w spn) of & for n € M defined by

oy ={oo}U{(m, A)) m<n, ACTy}

We know that if S is finite then &7, is a finite S*-set.
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Lemma 4.3.1. Letz € W, w e S*, and m € M. Then w- oo = o0 and

w- (m, Ne(2)) = 4 Fhgm
(m —k, Npypx(v(w)x)), ifk<m

in &, where k := lp(x)“‘fp(w;—lp(l’(w)ft)

Proof. This follows by induction on ¢,(w) since it is clearly true for each w =
s € S. Then suppose that w = sw’ and the result is known for sw’. Then, by

definition of the S-action on pairs, the result is clear. n

Finally, from the previous lemma, we can define
M = Mw.s,p) = {oo} U{(m, Nim(z))| m e M, z € W}

and My, 5pn) = Mn = M N o, for n € M, which are all sub-S*-sets of o/. We

call these the canonical and n-canonical S*-sets for (W, S) respectively.

4.4 Some Subsets of S*

Let Ayp == {w € S*| w-a = b} for any a,b € M. By Lemma , we see
that Ay = S* and Ay, = 0 for # # co. We now intend to describe the sets
Agp- To do this, we introduce some subsets of S* in the following way.

To begin with, for any word w € S*, we define

By o= B L)

For any m € M, we can then define S}, := Sy, = {w € S*| Ly(w) = m}. The

elements of S}, will be called the m-nonreduced words of (W, S). If S is finite,
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then for any w € W, there are only finitely many m-nonreduced expressions of w,
namely the elements of the set v~ (w) N Sk.

Next, for x,y € W and n € M’, we define more general sets

FY = {w e 57| L,(yv(w)z) = 1,(y) + {y(w) + 1,(z) — 2n} (4.4.1)

and also define, for m € M’

FY o am = S VY nim: (4.4.2)
With this notation, we see that Sy, = Fi 1 m.
Remark 4.4.1. Tt is clear from the definition that F?, = 0 if n € M, ie. if

‘Z7y7n

n<ao.

Example 4.4.2. For s € S, we have that the set I} (s is given by

{w & 57| (sw) = ly(s) + £p(w) = 21y(s) = b (w) = y(s)},
which can also be described by
[ ({w € W[ y(sw) < lp(w)}) NSVl ({w € W ly(sw) > ly(w)}) N S ]
Next for any x € W, k € M’ and finite subsets A, B of T, we let

HY\ap = {w € S| [,(v(w)z) = {,(w) +1,(x) —2k; N(v(w)r)NA= B} (4.4.3)

T

so it is clear the H»fk’AB = () unless k € M, B C A, and there exists a y € W

such that N(y) N A = B.
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According to Lemma [4.3.1], we see that for m € M and x € W we get

A(m, N (2)),00 = U Fiix
kZm

and then for m,n € M,

0 ifn L m
Ao, Nen (2)),(n,B) = (4.4.4)
Hz,m—n,TSn,B if n S m

where both sides are empty unless B is of the form N,(y) for some y € W.

4.5 The Boolean Algebra of Regular Sets of S*

At this point, we assume that S is finite. Then, for a,b € M, we can view
A,y in the following way. We choose m large enough so that a,b € 9My,. Then
Aap is the regular language accepted by an automaton where 9y, is the state set,
the transition function described in [£.3.1] initial state a, and single accept state
b. At this stage, we characterize the Boolean subalgebra of S* generated by all
Agp where a # 00, b # 0.

Lemma 4.5.1. The following Boolean subalgebras of S* are all equal:

1. The Boolean subalgebra 2, of P (S*) generated by all sets A,y where a,b €

2. The Boolean subalgebra 9, of P(S*) generated by all sets Hyy B
8. The Boolean subalgebra 9, of P (S*) generated by all sets Fy yxm-

4. The Boolean subalgebra 2, of P(S*) generated by all sets Fy .
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Moreover, 9, is stable under the automorphism 1 : S* — S* given by (sp....s1) =

S1...Sp.-

Proof. According to equation (4.4.4]), we know that 7, is generated by all the sets
Hyyr., 5 where z,y € W, n,k € M and B C T is finite. Suppose that k € M,
xr € W,and A,B C T are finite sets. We choose an element n € M such that
A CT<y. Then
Hexap= |J Hexrenw

B'CTcy

B'NA=B
and so H,x a5 is generated by a finite union of A, for some a,b € M \ {oco}.
Thus 2, = Z,,.

Next, we note that for w € F, ,xm we get (since w € S},))

b(yv(w)z) = l,(y) + (w) + 1(x) — 2(k + m)

= by(y) + L(v(w)) + 2m + 1, (2) - 2(k + m)

and so I, (yv(w)z) = I,(y) + l,(v(w)) + I,(x) — 2k. This implies that Fy yxm = 0
unless 0 < k < [,(y) + ,(x). This shows that S} = Uo<k<i,(@)+1,(y) Frykm and

that we also have

FCE7y,k = U Fx7y7k_m7m

k—Ip(2)—lp(y)<m<k
thus showing that 9] = 2, since it is clear that F,yxm = S5 N Foykim =

Fl,l,m N Fm,y,k—l—m‘

Now, we show that ;" C ;. For fixed x € W and A C T finite, we have

St = U U Hm,k,A,B

keM BCA

Recall from section the terminology |A| € M for A C T finite. Let y € W.
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Then for w € H,x 4.5 we have

Lp(yv(w)z) = b(y) + L (v(w)z) = 2|N (v(w)z) N N(y™)]

= ly(@) + (W) + I(y) — 2k — 2[N (v(w)z) NN (y )],

From this we can see that

Fx,y,m = U U Hx,k,N(y*1)7B~

kneM:k+n=m BCN(y—1):|B|=n

This union is finite since there are only finitely many pairs k, n in M less than m
—1\ .
and N(y~') is a finite set, and so 9" C Z,.
So we now must show that 2, C 2",. Let z,y € W and w € S*, then we
have

FoixNFyym ={w e W|l,(v(w)x) =£{,(w) + [,(x) — 2k and : )
4.5.1

b (yv(w)x) = 1,(y) + Lp(w) + bp(x) — 2m},
and by replacing ¢, (w) +1,(x) = l,(v(w)z) + 2k in the second equation (using the
first equation) we get

Fx,l,k N Fx,y,m = {’LU € W‘ lp(l/(w)x) = gp(UJ) + lp(flf) — 2k and ( )
4.5.2

L(yv(w)x) = l,(v(w)z) + 1,(y) — 2m + 2k}.

Now, we know that [,(v(w)z) < 1,(y) + l,(yv(w)x) < L,(y) + 1,(y) + L, (v(w)z)
consequently 0 < 1,,(y)+1,(yv(w)x)—1,(v(w)x) < 21,(y). Substituting appropriate

equations from (4.5.1)) and (4.5.2)), we note that F,qx N F,ym is empty unless
0 < 2l,(y) — 2m + 2k < 2[,(y) and this implies that k <m <k + [,(y). We also

have UmemFrym = S*. Now, let y from above be a given reflection y = ¢. Then
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we have that the following sets

Lpixs = {w € Fyia] t € Nw(w)z)} = Fpqx N N Frtm

m: k<m<k+1,(¢)
0<l,(t)<2m—2k

and

Ly, ={we Fxlt ¢ Nw(w)z)} = FyixN ﬂ Frtm

m: k<m<k+1,(¢)
Ip(t)>2m—2keM

are clearly in & since these intersections are finite. If B C A, we thus get

Hx,k,A7B = <ﬂ Lx,l,k,t) N ﬂ L;:,l,k,t ’

teB te A\B

and as we have noted before, H,x a5 = 0 if B € A. Therefore, H,x 4 p is in 2,
which is what we were trying to show.

Finally, suppose w € F, , m for some m. Now, we have that v(f(w)) = v(w) ™.
Since I, (yv(w)x) = 1,(y) + £, (w) + 1,(z) — 2m then we can reverse this to see that
we must also have (7 'v(t(w))y™) = L,(z™") + £,(T(w)) + 1,(y™!) — 2m and so

T(w) € Fy-1 4-1 m, which shows that &, is stable under . O

4.6 The Reflection Cocycle and Automata

Recall that for A C T a finite subset, we write [A] = ), p(t). Thus, we
note that [,(w) = |N(w)|. Now, we state a lemma that describes the essence
of the previous proof. The problem of determining, for all w € W, the value of

ly(zw) —1,(w) for all x in some given finite subset of W is equivalent to finding, for
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all w € W, the intersection N(w)N A for some given finite subset A of reflections.

Recall that M’ = Z* if M = N*.

Lemma 4.6.1. (a) Let xy,...,x, be elements of W, and 1,...,1, € M’. Let
A= U N(z;h). Then forw € W, L(zw)—1,(w) =1; for alli € {1,....,n}
if and only if |(N(w) N A) N N(z; )| = % forallie {1,...,n}.

(b) Let A be a finite subset of T. Then for w € W, we have
N(w) N A= {teA|l(tw) = l,(w) =k for some k € M1}

Proof. Recall that N(zy) = N(z) + zN(y)z~! = z(N(z™') + N(y))z~'. This
implies that

lp(zy) = lp(z) + 1p(y) = 2IN(z7) N N(y)]

where | —| is as above. Therefore, for w € W, if z; € W, we have [,(z;w) —,(w) =
l,(z) — 2|N(z;') N N(w)|. Since N(w) N N(z7!) = (N(w) N A) N N(z;!), then
L(z;w) — L(w) = 1; if and only if I,(z;) — 2|(N(w) N A) N N(z;')| = 1;, and (a)
follows.

Then, (b) follows since N(w) = {t € T| l,(tw) < l,(w)}. We have [,(tw) =
Ly(t) + l,(w) — 2|N(t) N N(w)|, we see that ,(t) — 2|N(t) N N(w)| = —k for some
k e M. O
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CHAPTER 5

REGULAR SUBSETS OF COXETER GROUPS

This chapter is devoted to the definition of various notions of regularity in
Coxeter systems. We introduce three different types of regularity. The strongest
type of regularity, p-complete regularity, will be examined in detail, and we will
describe many subsets of Coxeter systems that are p-completely regular. The set
of m-nonreduced expressions of elements of any p-completely regular subset of W
is a regular language in S* for all m € M. This implies that the multivariate
Poincaré series of p-completely regular subsets are rational, providing a natural
explanation (and strengthening) of known rationality results on Poincaré series of
many natural subsets of W. We also use the results in this section to describe

regularity of subsets in products of Coxeter systems.

5.1 Boolean Algebra of Regular Sets in W

For any z,y € W and m € M’, we can now define a subset
Waym = W7 m = {w € W[ l(ywz) = l,(y) + l,(w) + l,(x) — 2m} C W.

We have that W = U W, yx. Notice that F, yxm = v (Wyyx) NS
0<k<ip(z)+lp(y)
so that Z, is the Boolean subalgebra of Z7(S*) generated by all intersections

y1 (W%y’k) N S;kn
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Remark 5.1.1. Again, it is clear that W, m = 0 if m ¢ M. This allows us to

only consider sets Wy, with m > 0.

Let #,(W) denote the Boolean subalgebra of (W) generated by all the sets
Wy with 2,y € W and k € M. Then Z, consists of all the sets Ume v (Bm)N
S*

m

where By, € %,(W) for all m and B, is either () for all but finitely many
m or By, is W for all but finitely many m. Thus, we see that Z, is uniquely
determined by the sets %,(W) together with the set of m-nonreduced expressions

of w, for allm € M and w € W.

Example 5.1.2. Let J C S be a spherical subset, i.e. W is a finite standard
parabolic subgroup. Then, let w; be the longest element of W; and suppose
l,(wy) = k. Then D(J) := {w € W| Dp(w) = J} € B,(W) since it is the set
{w e W| l(wyw) = L(wy) + l,(w) — 2k = I,(w) — l,(wy)} = Wi,k This set is

known as the descent class associated to J.

5.2 Coxeter Groups are Automatic

The following result is due to Brink and Howlett, [5], in their proof that Coxeter

groups are automatic.

Theorem 5.2.1. Fix a total order of S and give S* the corresponding reverse
lezicographic order =<p. Then for w € W define w as the minimal (under <)
element of the non-empty and finite set v="(w) N S%5. Then W = {w| w € W} is
a reqular subset of S*.

5.3 Different Types of Regularity

Fix any map p: W — S* with the following properties:
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(i) For all w € W, u(w) € S§
(i) vou=Idw.
(iii) p(W) is a regular subset of S*.

Properties (i) and (ii) require that for w € W, we have p(w) is a reduced
expression of W, and we know such a map exists due to Theorem [5.2.1]

We say that a subset A of W is p-regular if p(A) is a regular subset of S*.

Definition 5.3.1. 1. A subset A of W is weakly regular if there is some map
w i w: A — S§ such that v(w) = w for all w € A and {w| w € A} is a

regular subset of S*.

2. A subset of W is regular (resp. p-strongly regular) if v=1(A)NS% is a regular

subset of S* for m = 0 (resp. for all m € M).

3. A subset of W is called p-completely regular if A € Z,(W).
Example 5.3.2. Due to example [5.1.2) D(J) is p-completely regular.

Lemma 5.3.3. (a) Any p-strongly reqular subset of W is regular.

(b) If A is a reqular subset of W, then A is p-regular for any map p satisfying

conditions (i)-(iii) above.
(c) If A is p-reqular for some p, then A is weakly regular.

Proof. Parts (a) and (c) follow directly from the definitions. To show part (b),
we assume that A is a regular subset of 1W. This means that v~ '(A) N Sy is a
regular subset of S*. Additionally, since u satisfies (i)-(iii), we know that p(1V) is
a regular subset of S* as well. Now, (b) follows since pu(A) = u(W)N(r—1(A) N Sg)

which is a finite intersection of regular sets and is thus regular. m
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5.4 p-Regularity for Different p

Suppose that p : T — X, and p' : T — X, are two different functions
satisfying the properties of section [3.2] with corresponding sets of indeterminates
X, and X, respectively. Additionally, let M, and M, be the corresponding
sets of monomials for X, and X,,. Since M, and M,, are the free commutative
monoids on X, and X, respectively, then for any map ¢ : X, — X,, we get
a corresponding map, denoted ¢, with ¢ : M, — M, given by the universal

property. We note that deg(m) = deg(¢(m)) for any m € M,

Proposition 5.4.1. Let ¢ : X, = X,y be a surjective map such that p(p(t)) =

p'(t) for allt € T. Then the following are true:
1. 9y C %, and
2. By(W) C B,(W).

Proof. For q € {p,p'}, 2, is generated by the sets F? . with z,y € W and

Z,Y,m
m € M, according to Lemma Now, since ¢ is surjective then ¢ is surjective
as well. Let m € M. Then define Q := ¢~ '(m). By surjectivity, Q@ # () and

since ¢ preserves degree, || < co. Then, it follows that

/ _ P
Ff,y,m - U Fﬂmy,k € ‘@P
ke@

and therefore &, C %,, proving 1. Then, 2 is analogous replacing F? by

x,y,m

Wi O

x,y,m"*

47



5.5 Some Properties of p-Completely Regular Sets

In this section we describe some of the basic properties of p-completely regular

sets.

Proposition 5.5.1. (a) Any p-completely reqular set is p-strongly reqular (and

thus also reqular and p-regular for any w satisfying (i)-(iii) in section .

(b) For any finite subsets B,C C A of T' the subset
Gapc={weW| Nw)NnA=B, Nw')nA=C}

of W is p-completely regular.
(c) If A€ B,(W) then A~' .= {w | w e A} € B,(W).

(d) B,(W) is closed under action by automorphisms of (W,S) that commute

with p, i.e. automorphisms satisfying 0(p(t)) = p(0(t)) for allt € T
(e) B,(W) is closed under left and right multiplication by elements of W.
(f) $,(W) contains all finite subsets of W.
(9) B,(W) is countable.

Proof. Suppose that A is p-completely regular. Then as we have seen v~!(A) N
Sy € 9, for all m € M. But ¥, contains only regular languages by Lemma
[4.5.1] part (1), which proves (a). To prove (b), we let W, := {w € W[ [,(tw) <
lp(w)} = UMQ{S%@) Wik € B,(W) and W/ :={w € W| [,(tw) > l,(w)} =

pwrew Witk € ABy(W) since both are finite unions. We also have sets

UO§k< 5

X = A{w € W| l,(wt) < l,(w)} and X, := {w € W| l,(wt) > l,(w)}, and both

48



are in %,(W) using finite unions of appropriate sets W; ; x. Now, since A is finite,

we get

YB::UVVtﬂ U VVt/

teB teA\B
Yeo=Jxin | X
teC te A\C

and then G4 g ¢ := Yp N Ye. In particular, this process describes an application,
in detail, of Lemma [4.6.1]

Next, (¢) holds since (W, k)t = {w ™| l,(ywz) = L,(y) +1,(w)+1,(x) —2k} =
fw € W hlyw ) = b(y) + L) + () — 2k} = {w € W] e wy™?) =
() + () + b(y™) — 2k} = Wyt i

Now, for any automorphism, 0, of (W, S) commuting with p, we have [,(w) =
[,(0(w)) for all w € W. Then, we see that if w € W, ,x then [,(0(ywz)) =
L(yw) = () + (@) + b(w) — 2k = L(8()) + [ (0(x)) + L(B(w)) — 2k 5o that
O(Wayx) C Wo) o)k Using the same argument with the automorphism 6!
demonstrates that in face 0(W, k) = Wo),0y)x, Proving (d).

Next, (e) holds using the following observations. Let a € W and b € W
and r,y € W. Then l,(ya™') = l,(y) + l,(a”') — 2P for some P > 0 and
L(b7te) = 1,(x) + 1,(b7') — 2Q for some Q > 0. If w € W, i we have [,(ywz) =

(y) + lp(w) + I,(x) — 2k. Then awb € W satisfies [,(ya tawbb™'z) = [,(y) +
() + () — 2K = y(ya~) ~lyla~) + 2P Ly () — (b +1,(b )+ 2Q 2k —
l,(ya™) + l,(awb) — 2n + [,(b~'z) + 2P + 2Q — 2k where 0 < n < [,(a) + 1,(D)
and awb € Wy-1 41 ,. Therefore we have

an,y,kb = U (belcc,yafl,k—P—Q—&-n N bel,afl,n)

0<n<lp(a)+ip(d)
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where we recall that W, ,x = 0 if k < 0.

Finally, (f) holds since we have Gggpg = {1} € %,(W) by (b). Then for any
w e W, w{l} = {w} € A,(W) by (e), and so any finite union of singleton
elements of W is in %,(W). Then, (g) follows from the nature of the fact that
there are countably many sets W, ,x and we can only take finite unions and

intersections. O

Example 5.5.2. For any J C S spherical, the subgroup W is p-completely
regular by (f). Since W = Wy 10, then W is p-completely regular. If (W,S) is
finite, we can easily demonstrate that (W, S) is regular by letting the Cayley graph

of (W, S) be the corresponding S*-set.

Remark 5.5.3. Given a completely regular set A C W, described explicitly as
a finite union of finite intersections of the sets Wi sk Wwe could construct an
automaton on S accepting v~(A) N S% for any n € M using Lemma In

addition, following from Lemma [5.3.3] we could construct an automaton on S

accepting p(A) for any p satisfying the (i)-(iii) from [5.3.3]

5.6 Poincaré Series and Examples of Regular Subsets of W

The previous result leads to some results about the rationality of Poincaré
series of subsets of Coxeter groups. First we recall the definition of a Poincaré

series.

Definition 5.6.1. Let v be an indeterminate and consider the power series ring

Z[[u]]. For a subset A C W we define the Poincaré series of A to be

P(A; W) = Z ydesllp(w))

weA
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If we consider the multiplicative version of M generated by X, then we can con-
sider the completion Z[[X]] of Z[X]. We define the multivariate Poincaré series of
A to be

P4 ) = 3 by(w).

weA

The following examples are previously known in the case where [, = [ is the
standard length; we use our results to show the examples are p-completely regular

for general p as well.

Example 5.6.2. 1. For any finitely generated reflection subgroup W’ and any
standard parabolic subgroup W of (W, S), any double coset W/wW has
a unique element of minimal length determined by the conditions N(w) N
(W) =0 and N(w™')NJ = 0 where (') is the set of canonical Coxeter
generators of (W, S). In particular the set of these shortest coset represen-

tatives, denoted W'\ W/W; is thus given by the following;:

WA\W/W; = U Gywnec N U G0
Cccx(W) BcJ

and so is p-completely regular. This applies to shortest coset representatives
W'\ W of W and to shortest double coset representatives Wy \ W/W; of

standard parabolic subgroups.

2. The weak right order < on W is defined by =z < y if N(z) € N(y) or
equivalently if [,(z~1y) = I,(y)—1,(x). Thus, if we fix € W with [,(z) = m,

the set

Wig-tm = {y € Wl (z™'y) = ,(y) + 1p(2) — 20,(2)} = {y € W]y >}
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is the upper rays in weak right order, and so this set is p-completely regular.
A similar argument shoes that the upper rays in weak left order are also

p-completely regular.

3. As we have seen in the proof of Proposition the sets {w € W| [,(tw) <
l(w)} and {w € W| [,(wt) < l,(w)} are p-completely regular for fixed
t € T. These spaces (and their complements) are known as left and right
half spaces respectively. It follows that any finite intersection and union of

left (or right) half spaces is p-completely regular. See Figure[5.1]for example.

All of the sets in the previous examples thus have rational Poincaré series and
multivariate Poincaré series due to a well-known result, called the transfer matrix
method (see [2] or [28]), which states that regular languages have rational Poincaré

series.

5.7 More Regular Subsets of W

The sets described in this section are shown to be p-completely regular in [I§]
for the case where p : T' — N with p(¢) = 1 for all . We now prove that these
sets are also p-completely regular for general p.

Recall that W acts as a group of permutations on the set 7' x {41} such that
fors € S, e € {1}, and t € T\ {s} we have s(s,€) = (s, —€) and s(t,€) = (sts, €).
We note that as a W x {£1}-set, T' x {£1} is isomorphic to the standard root
system ®, with @ corresponding to 7' x {1} and simple roots II corresponding to

S x {1}. With this terminology, we have the following p-completely regular sets.

Proposition 5.7.1. 1. For u,v € T, W(u,v) = {w € W| wuw™ = v} is

p-completely regular.
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2. For a,f € T x {£1}, W(a,p) = {w € W| w(a) = B} is p-completely

reqular.

3. For finite sets ', A C T'x {£1}, the set {w € W| w([') = A} is p-completely

reqular.
4. For JKCS, {weW|wJw =K} is p-completely regular.

5. For ;K C S, {w e W|w(W,;NT)x{1}) = (WxNT)x{1}} is p-completely

reqular.

Proof. We first prove 1 for u = r and v = s with r, s € S. In this case, we have
W(r,s) = {w € W] wrw™ = s} = {w € W| wr = sw}. Now, W(r,s) will be
empty (and thus p-completely regular) unless r is conjugate to s. So, if r and
s are conjugate, then [,(r) = [,(s) and according to the exchange condition, we

have that W(r,s) = Z; U Z where

Zy ={w e W| ly(wr) = l(w) —1p(r) = l(sw); lp(swr) = l,(w)}

and

Zy ={w € W| lp(wr) = lp(w) + Ip(r) = L(sw); L(swr) = Ly(w)}.

Then, each Z; is p-completely regular due to the following descriptions.

Zy = Wr,l,lp(r) N Wl,s,lp(s) N Wr,s,lp(r)

and

Zy=Wr10NWiseN WT»SJP(")'
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Now, in general, let u = zrz~! and let v = ysy~!, then we know that W (r, s)

is p-completely regular by above and

yWi(r,s)z™' = {ywz™" € W| wrw™" = s}
— {wl c W‘ yflw/xrxflwlfly — S}

= {w € W| wuw"' =v} = W(u,v)

is p-completely regular since p-completely regular sets are closed under left and
right multiplication by elements of W by Proposition [5.5.1} proving 1.
Now, according to equation (2.2.3)), we know that the W-action on T' x {£1}

! Twi€) where 7,; € {£1} is given by 7,, = 1 if

is given by w(t,e¢) = (wtw™
l(wt) > l,(w) and 7, = —1if [,(wt) < [,(w). Then, let a = (u,€) and = (v, €)
then

W, B) = W(u,v) N{w € W| 7,6 =€}

Now, W (u,v) is p-completely regular by 1. If ¢ = ¢ then 7,, must be 1 and
so {w € W| 1y = 1} = {w € W] [,(wu) > [,(w)} is p-completely regular by
Example 3 in[5.6] Likewise if € # €’ then 7, must be -1 and so {w € W| 7, =
-2} ={w € W| l,(wu) < l,(w)} is p-completely regular by the same example.
Thus, {w € W| 7,6 = €'} is p-completely regular so that W(a, ) also is as
required.

Finally, to demonstrate 3, we note that the set described is empty unless

IT| =|A|. Let {a,...,a,} =T and {fy, ..., B} = A. Then we have

YF,A = {w € W| w(F) = A} = Uges, ﬂ?zl W(Ozi, /Bg(i)),

where S,, denotes the symmetric group. Then, Yr A is p-completely regular by 2.
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Similarly, we have 4 following from 1 in the exact same way replacing W (o, Bo(;))
with W (s;, 75(;)). Finally, according to section , we know that w((W; NT) x
{1}) = Wk NT) x {1} if and only if w(J x {1}) = K x {1}, so 5 follows from 3
directly using I' = J x {1} and A = K x {1} since both sets are finite. O

Example 5.7.2. The centralizer of a reflection, t, is Cyy (t) = {w € W| w™Hw =
t}. Due to the previous Proposition, this set is p-completely regular. So the cen-

tralizer of any finitely generated reflection subgroup is also p-completely regular.

5.8 Regularity in Direct Products

We now turn to looking at direct products of Coxeter systems. We have the
following result describing the p-completely regular subsets of a Coxeter system

in terms of the p-completely regular subsets of its irreducible components.

Lemma 5.8.1. Suppose that (W,S) is the direct product of Coxeter systems
(W3, S;) fori=1,....n. We identify W = Wy X --- x W,, and S = US;. Then
B,(W) is equal to the Boolean subalgebra B,(W1) * - x B,(W,,) of P (W) gen-
erated by all subsets of W of the form Ay x --- x A, with A; € B,(W;).

Proof. This is clearly true for n = 1. Now, suppose it is true for n = k, we will
show that it is true for n = k + 1. We consider W/ = W; x --- x W}, and W),

as subgroups of W. For any z,y € W, we write v = 2'x;1 and y = y'yry1 where
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'y € Whand xpyq1, Y1 € Wipr. Let m € M. Then

W2, = {0 € W] (ywz) = b () + () + 1, (z) — 2m}
= {wwps € W X Wiy |
(Y W't Y1 wp 1T 41) =
L(y") 4+ L(yes1) + L(w') + L (wigr) + L (2) 4+ L (2k41) — 2m}

_ p p
- U Wl”vy’,kl X (Wk+1)fﬂk+17yk+1,k2

ki, koeM
ki+ko=m
(5.8.1)
so that Z,(W) C B,(W') « B,(Wis1). Also, equation (5.8.1) implies that
P —_ W P — W P
W ia =Wy X Wiprand W = WX (Wi )y, |k, Therefore,
we have
p P — WP P
WI’,y/7k1 x (Wk+1)mk+17yk+1»k2 - Wﬂ?',y’,kl N ka+1,yk+17k2

so that ZB,(W') « B,(Wi11) C B,(W). However, by induction, we know that
B,(W') = B,(W1) - - x B,(Wy) and the result follows. O

5.9 Product Regularity

Complete regularity of a subset in a product W = W; x --- x W,, implies
regularity of many subsets of S* and so regularity of various subsets of S} x---x.S}.
Then we regard each S} as a submonoid of S* and each W; as a subgroup of W;
then we can define natural homomorphisms v; : S} — W,;. We say that a subset of
ST x -+ xSk is product regular if it is in the Boolean algebra of subsets generated

by the products A; x --- x A, with each A; regular in S;.

Lemma 5.9.1. For any p-completely reqular subset A of Wi x -+ x W,,, and any
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n-tuple (kq, ..., k,) € M™, the subset

{(z1, . mn) € (S1)i, X -+ X (Sn), | (1), o vn(20)) € A}

is product reqular in (S1)* x -+ x (S,)*.

Proof. For any subset A of W, we define
A= {wy, 1) € (S1)i, X - X (Sp)i, | ((@1), s vn(2)) € A}
If Ais a product then A = A; x --- x A,,, then we have
A= ((St)i, N (A1) X x ((Sa)ie, N (An)) -

In this, if each A; is p-completely regular (or just p-strongly regular), then each
(Si)i, Nv; ' (A;) is regular in (S;)* by Lemma and thus A’ is product regular.
Now if A = Uy, B,,, where the union is finite, then A" = Uy, B/,. Now, this implies
that A’ is product regular for any p-completely regular set since any such set A is

a finite union of products of p-completely regular sets. n

5.10 Multivariate Product Regularity

For any Coxeter system (W,S), define a subset of W" to be p-completely
regular if it is completely regular as a subset of the n-fold product Coxeter system

(W, S)". We have the following result.

Lemma 5.10.1. Let n,m be natural numbers, m € M, fi,...,fm € {1,...,n},
€1,y €m € {1}, 20,21, ey iy € W and A, B, C be finite subsets of W satisfying

B,C C A. Then let L be the subset of W™ consisting of n-tuples satisfying the
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following conditions:

(1) If
V= xm(wfm)gmzm—l(wfm—l)em_lxm—Q T xl(wﬁ)qxﬁ

and k=Y L(z) + > L(wy,), then 1,(v) = k — 2m.
(ii) Nv)NA=B and Nv " )NnA=C.
Then L is a p-completely regular subset of W™.

Proof. We will prove this by induction on m. To make things more tractable, we

denote L by
L= L(n7m7m7 (fj)? (Gj)’ (ZE]'),A,B, C)

to show that L depends on its parameter set.

First, suppose that m is fixed. If

L(nvm7m7 (fj)v (Ej)v (xj)7®7®’ Q))

is p-completely regular, then
L(n’ m, 1m, (fj>7 (Ej)v (xj)a A’ B, C)

is also p-completely regular using Lemmam (similar to the proof of Proposition

part (b)).

Now, suppose that m = 1. The set

L(l I,m, (1)7 (1)7 ($0’ xl)’ @, @’ 0) - W£07x17m

y

and thus is p-completely regular by definition. Also, as in the proof of Proposition
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part (c), we have

L(1,1,m, (1), (=1), (w0, 71),0,0,0) = L(1,1,m, (1), (1), (7", 25"),0,0,0).

It follows that the sets

L(1,1,m, (1), (€), (zo,1),0,0,0)

for e € {£1} are p-completely regular.

Let n € N. Then any set

L/ = L<n7 17 m, (k>7 (6)7 (IOv xl)? @, (2)7 Q))

with k € {1,...,n} is of the form

L' =Wt x L(1,1,m, (1), (¢), (o, 1), 0,0, 0) x W"*

and thus is p-completely regular. Therefore, we have shown that any set

L(n,1,m, (k), (¢), (o, 1), A, B,C)

is p-completely regular.

At this point, we have proved that the set L is p-completely regular if m =1,
and if m = 0 it is clear that L is p-completely regular. So, we now move to the
induction step. We will show that for fixed m, p-complete regularity of all sets of

the form

L(n’m7 m, (fj)v (Ej)’ (xj)wA’ B7C)
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implies p-complete regularity of any sets of the form
L' = L(TL, m+ 1, m, (fj)? (Ej)v (xj)v ®7 ®7 @)

Now, suppose that w = (wy, ..., w,) € W" is an element of L” above. Then we

define the following two words:

Um = xm<wfm)6mxmfl(wfmfl)emilxmfZ e 'xl(wfl)elxo

and
Um+1 ‘= Tm41 (wfm+1)emﬂxm(wfm)emxm—l(wfmfl>€m71xm—2 I (wfl)qxo

and two p-lengths k,,, == > 7" 1, (z;) + >0 L(wy,) and K1 := ke, + Ly (Tmg1) +
lp(wy,,.,). Let v = 21 (wy, ) so that v, = VU, and let k 1= [, (2m41) +

lp(wy,.,,) so that k11 = k,,, + k. Using these equalities, we have

bp(Vmi1) = (V) 4 1p(vm) = 2|N(071) 0 N (v,,)]
=k —k =k, +1,(0) + 1,(v) — 2IN(v™1) N N(vy)]

:kmﬂf—z(k_JAU)+km__%@m)+uvw])mAm%QO.

2 2

By definition, I,(v) = lp(xm11) + lp(wy,..) = 2IN (2,,41) 0 N((wy,,, )+ < k.
and similarly we have [,(v,,) < ky,. We know that w € L” so we must have
Ly(Um+1) = Ky — 2m.

According to Corollary part (4) we know that l,(v,41) < kg1 — 2m if

[,(v) <k —2m, [,(v;) < Ky, — 2m or [Nyy(v™1) N Ny (v,)| > m. Otherwise, we
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have

k= 1(0) | o~ b(vn)
2 + 2

4+ |Nm(v™1) N Nm(vm)|) )
(5.10.1)

lp(Um41) = Kpy1 — 2 (
Suppose ,(v) =k — 2m’ and [,(v,,) = k;,, — 2m”. Then the equation is
Ly(Vmt1) =Kkme1 — 2 (m' + m” + [N (v™") N N (vi)]) -
Since 1y(vm+1) = kmy1 — 2m, then we have the following:

"
L = U Lm’,m”,B,C

m’ . m" B,C
B,CCT<m
m’'+m"”+|BNC|=m

where

Lmﬁm",B,C = L(n> m, mlv (fj);’nzlv (6j)§n:17 (xj)gnzm Tva Bv (Z))
N L<n7 17 m//v (fm—l—l); <€m+1)7 (17 $m+1)7 Tva (2)7 C)

both of which are p-completely regular by induction. Thus L” is a finite union of

p-completely regular sets and so L” is p-completely regular as needed. O
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CHAPTER 6

REGULARITY IN 7" AND MIXED PRODUCTS

The p-complete regularity in W as we have described has been useful for show-
ing that many natural subsets of W are regular, and therefore have rational
Poincaré series. However, there are many natural subsets of W, in particular
subsets of T', that can be shown to not be p-complete regular in W (or even p-
regular in W). Nonetheless, we would like to be able to show that certain subsets
of T" are regular in some sense. We will use the fact that every reflection has a
palindromic reduced expression to introduce a notion of p-complete regularity in
T. We can then extend our notion of regularity to regularity in products of T'
or even mixed products of W and T'. We include some examples of p-completely
regular subsets of T, and the regularity implies that these subsets have rational

(multivariate) Poincaré series.

6.1 Regularity of sets of Reflections

Let X C S* be the set of all non-empty words in S*. We see that X is
clearly a regular subset of S* being the complement of the set consisting of the
empty word. We say that a subset of X is regular if it is regular as a subset of
S*. Define n : X — T by n(rppirn---r1) = 11 Tarpparn 11, Let £ (x) =
20p(x) — ly(rnt1) = 20,(x) — p(n(x)). Let = be the restriction of some reverse

lexicographic order on S* to X.
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Proposition 6.1.1. 1. For anym € M let Xy, := {x € X| ,(n(x)) = £,(z) —

2m}. Then Xy, is a reqular subset of X.

2. Fort € T, define &; as the minimal (under the order =<', ) element of the
non-empty finite set = (t) N Xo. Then T = {iy| t € T} is a reqular subset

of X.
Proof. We prove 1 first. Let m € M, and let z € X,,. Then, we can write
x = rz’ with r € S and 2/ € S for some k € M. By definition, we know that

L(v(2')) = £,(2") — 2k. Since = € X,y,, and substituting the previous formula we

get

lp(V($/)_1TV($/)) = l,(n(x)) = E;(x) —2m = 20,(2") + 1,(r) — 2m
=2(2l,(v(2") + 2k) + 1,(r) — 2m : (6.1.1)

=2, (v(2") + I,(r) — 2(m — 2k)
Equation (6.1.1)) implies that m — 2k > 0 so 2k < m; furthermore, (6.1.1]) also
implies that v(z') € A, m_ox Where

Ar,m72k = L(L 27 m — 2k7 (17 1)7 (17 _1>7 (67 T, 6)7 @7 07 (Z))

where e € W is the identity, and L is as in According to Lemma [5.10.1
A, ok is p-completely regular. Therefore, we have 2’ € S; N v~ (A, m_2k) which
is regular by Lemma [5.5.1. So, for any x € X,,, there is an r € S and k € M

with 2k < m such that z € r(Sf N v~ (A, m-2x)). Thus

Xm C|Jr ( U sin u‘l(Ar,m_gk)>

res 0<2k<m
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Now, suppose that = € r(Sg N v~ (A, m_2)) for some r € S and k € M with

2k < m. We have from above that

Armoox = {w € W| L,(w'rw) = 20,(w) + I,(r) — 2(m — 2k)}.

Thus z = rz’ with 2/ € v (A, m_ak) and [,(v(z')) = 2¢,(2") — 2k. This gives that

~
bS]
—~
3
—~
8
~—
~—
Il
"@N
—~
<
—~
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—
|
<
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—
~—
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20, (v(2")) + 1,(r) — 2(m — 2k)
= 2(0y(2") — 2k) + 1,(r) — 2(m — 2k)

= 20, (2") +1,(r) — 2m = 2((x) — 2m,

so that x € X,,. Thus we have shown

Xm = U r ( U SN V_I(Ar,m—2k)) ;

res 0<2k<m

and the right hand side is a finite union of regular sets as already shown hence
X is regular as well.
Part (2) follows from and unpublished result due to Bob Howlett, which is the

analog of for T instead of W. The result is mentioned in [18]. O

6.2 Types of Regularity in T’

Fix any map 7 : T" — X, denoted t — x; for ¢t € T, with the following

properties:

(i) Forallt € T, 7(t) € Xo.
(ii) no 7 = Idr.

(iif) T := 7(T) is a regular subset of X.
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We know that maps, 7, satisfying (i)-(iii) above exist due to the previous propo-

sition. We say a subset A of T is 7-regular if 7(A) is regular in X.

Definition 6.2.1. A subset A of T is regular (respectively p-strongly regular) in

T if n71(A) N X, is a regular subset of X for m = 0 (respectively all m € M).
Lemma 6.2.2. (a) Any p-strongly reqular subset of T is regular.

(b) If A is a reqular subset of T then A is T-reqular for any map satisfying
(1)-(11i) above.

Proof. Part (a) is a restatement of the definition since 0 € M. For part (b), we

have that for regular subset A C T and 7 satisfying (i)-(iii) above, we get that

7(A) = (n7'(4A) N Xo) N 7(T) which is an intersection of regular sets and thus

regular. O

6.3 p-Complete Regularity in T’

We now want to describe the analog of %,(W) when dealing with regular

subsets of T'. To do this, we first introduce a few subsets of Z(T).

Definition 6.3.1. 1. For x € W and m € M, we let
RE L =A{t € T| l(ata™") =20, (x) + 1,(t) — 2m}.

Then, let %, (T') be the Boolean subalgebra of &(T') generated by all sets

RE o for x € W and m € M.

2. Fort € T and A C T, we define A; := {w € W| w'tw € A}. Then,
let %,(T) be the family of all subsets A of T such that for all r € S,
A, € B,(W).
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3. Forany t € T'and A C T and m € M, we define
AL ={w e W|w tw € A; L(wtw) = 21,(w) 4 I,(t) — 2m}.

We let %,(T) be the family of all subsets A of T" such that for all r € S
and m € M we have A, ,, € %,(W). We call the elements of %,(T") the

p-completely regular subsets of T

Properties of these families of subsets are described in the following proposi-
tion. Again, for ease of notation, we omit the superscript p since p is understood

to be fixed.

Proposition 6.3.2. (a) If A € B,(T) then A, € B,(W) for allt € T. Like-
wise, if A € By(T) then Aym € Bo(W) for allt € T and m € M.

(b) #,(T), B,(T) C B,(T) are Boolean subalgebras of Z(T) closed under con-
Jugation by elements of W and closed under permutations of T induced by

automorphisms, 0, of (W, S) that commute with p.

(c) #,(T) contains all finite subsets of T and all conjugacy classes of simple

reflections.
(d) Any set A which is p-completely regular in T is p-strongly regular in T.

Proof. Suppose A € #,(T). Then A, € #,(W) for all r € S. Now, let t € T be

given. Then, ¢t = u~'su for some u € W and s € S. Now we have

Ay={weW|lwtwe A} = {w € W| wu " suw € A}

={utveW|visve Al =ut - {veW|v'isve A} =utA,,

67



and u'A, € B,(W) since A, € B,(W) and by Proposition [5.5.1] %,(W) is
closed under left multiplication by elements of W, thus the first part of (a) is true.
For the second part of (a), we fix u € W and s € S such that ¢ = u'su and

Ip(t) = 21,(u) + 1,(s). Now, we consider the sets
By = uilAs’m_Qk N Wl,u,k S %p(W)

Notice, if w € By then w = v v with v € A,y 2k, and so we have w'tw =

v huuTtsuuTo = vlsv € A, Also, we have
L(w™'tw) = 1,(v " sv) = 20,(v) +1,(s) — 2(m — 2k) = 21, (vw) +1,,(s) — 2(m — 2k),
but w € Wi, x so l,(uw) = I,(u) + l,(w) — 2k so that we get

L(w™tw) = 2(1,(u) + L(w) — 2Kk) + [,(s) — 2(m — 2k)
= 2l,(w) + 20, (u) + 1,(s) — 2m

= 2L, (w) + L,(t) — 2m.

Therefore By C Ay . Similarly, Ay N Wi,k € Bi. We note that By = () unless

2k < m, and thus

At,m = U Bk

k:0<2k<m
S0 Aim € B,(W) since it is a finite union of sets in %,(W), finishing the proof
of (a).
For the first part of (b), we notice that for A, B € %,(T) or A, B € %,(T) and
r €S, it is clear that (AU B), = A, UB,, (AN B), = A, N B, and (A°), = (A,)°
so that Z,(T) and %,(T) are clearly Boolean subalgebras of #(T') and %,(T)
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is a Boolean subalgebra by definition. Now, suppose that A € %,(T). Then

A, € B,(W) by definition. Also, for any r € S and m € M, we have the set

Brm = {w € W| L(w™'rw) = 20,(w) + 1,(r) — 2m}

= L(]-7 27 m, (17 1)7 (17 _1)7 (ev Ty 6)7 @7 ®7 Q))

following notation from section [5.10] Thus, by Lemma we have B, €
B,(W) for all r € S and m € M. Finally, we see that A, ,, = A, N B, m, and
thus A, m € %B,(W) for all r € S and m € M so that A € %,(T).

Now, we show that R? € %,(T) for all z € W and m € M. For any r € S

and n € M we have

(RY )rm = {w € W[ w™rw € Tpm; (w™rw) = 2l,(w) 4 1,(r) — 2n}
={w e W| l(zw  'rwz™") = 20,(z) + ,(w'rw) — 2m;
lp(w™rw) = 20,(w) + Iy(r) — 2n}
= {w € W| ly(zw 'rwz™") = 20,(x) + 21,(w) + 1,(r) — 2(m + n);
L(w™rw) = 20,(w) + 1,(r) — 2n}

=L(1,2,m+n,(1,1),(=1,1), (x,r,271),0,0,0) N B,n

using notation from the proof of Lemma [5.10.1}, and by the result of that lemma,
we get that (RE )rn € B,(W). Thus, RE . € %,(T) so that B, (T') C B,(T) as
required.

Next, suppose that A € %, (T). Then A, € ,(W) forall 7 € S. Let w € W
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be fixed. Then wAw™"' € %, (T) since for r € S we have

(wAw ™), = {u e W|utru € wAw™ '} = {u € W| w v ruw € A}

={owteW|viveAdl={veW|virve Aw ! =Aw!

is in %,(W) because %,(W) is closed under multiplication by elements of V.

For A € #,(T) and w € W, we see that for r € S and m € M we have

(WAW ™)y = (WAW™), N U (B(w,r,2k) N W11 1)w ™" (6.3.1)
0<k<Ip(w)

where B(w,r,2k) = {v € W| l,(wv ™ row) = 21,(w) + 21,(v) + 1,(r) — 2(m + 2k) }.

Indeed, if u € (WAW ™), m, then v € (wAw™), and I,(u™ ru) = 20, (u) + L,(r) —

rpw™) =

2m. By the previous argument, u = vw™', and then we get [,(wv~
20, (vw™ ) + 1,(r) — 2m = 2(1,(v) 4+ I,(w) — 2k) + ,(r) — 2m where k < [,(w) (and
we note that this means v € Wy,-1 ;). Hence, we have inclusion of the left hand
side in the right hand side of . However, working the equation backwards,
since k < [,(w) we get inclusion the other way proving that %,(T) is closed under
conjugation.

Suppose that ¢ is an automorphism of (W, S). Then we see if A € £ (T') we

have for any r € S

0(A), ={uecW|utruec (A} ={ucW|o (u'ru) € A}
={uecW| 0 u ™o (r)o(u) € A} = {0(v) € W| v 107 (r)v € A}

= 9<A0*1(7“))

and so 0(A), € AB,(W) since %B,(W) is closed under automorphisms. Notice

this holds for any automorphism. For A € %,(T), and 6 an automorphism of
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(W, S) commuting with p, recall that from the proof of Proposition that

0(l,(w)) = l,(w). Then for any r € S and m € M we have

0(A)rm = {u € W|utru € 0(A);L,(u " ru) = 20,(u) + ,(r) — 2m

= 0(A), N {u € W| L,(u'ru) = 2L,(u) + ,(r) — 2m}.

We know that 0(A), € %B,(W) from above, and {u € W| I,(u"'ru) = 21,(u) +
l,(r) — 2m} € %,(W) by Lemma [5.10.1] Thus, we have proved (b).

To show (c), we first note that {w € W] wlrw =t} € B,(W) for all r € S by
Proposition Therefore {t} € %,(T) for allt € T, and hence any finite subset
of T is p-completely regular as well. Also, if A = {wrw™| w € W} is the conjugacy
class of r € S, then for any s € A we have A, = {w € W| wlsw € A} = W if
s is conjugate to r and Ag = () if s is not conjugate to r. Since W € Z,(W) and
0 e B,(W), then A, € B,(W) for all s € S and so A € Z,(T).

Finally, we show that (d) is true. We have to show that By, := n7'(A) N X
is regular for all m € M if A is p-completely regular. If z € n~!(A) then x = ra’

Yrv(a'). Thus, n7'(A) = U,es{r}B. where

for some r € S and n(z) = v(a')”
Bl = {z € S*| v(z)"'rv(z) € A}. Since x € X, we also know that I,(n(z)) =
L(v(z")trv(a’)) = 20,(2") + 1,(r) — 2m. Therefore, we see that By, = U,cs7Brm

where
By = {2’ € S*| v(a) lrv(2) € A; L(v(z') rv(a!)) = 20,(2') + 1,(r) — 2m}.

Hence, to show that By, is regular, we need to show that each B, p, is regular (as
B, is then a finite union of regular sets).

Now, if 2" € Si we know that £,(z') = [,(v(2")) + 2k. Therefore, we know that
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B, m NSy is given by the set
{2' € S*|v(@)trv(2)) € A; L(v(z) rv(a))) = 20,(2') + 1,(r) — 2(m — 2k)},

which is equal to v 71 (A, m-2k) N Si. Now, we know that since A is p-completely
regular in 7" then A,, € %,(W) for all n € M so that A, ,_ok is p-completely
regular in W for all k. Thus, by Proposition we know that v~ (Ap_ok) NSy

is regular. Also, we see that A, ;2 = 0 unless 0 < 2k < m. Therefore we have

Br,m - UkEM (BT,m N S;;) = U0§k§2m(Br,m N Si:)

which is a finite union and thus regular, completing the proof of (d). ]

6.4 Maps of Boolean Algebras

In this section, we prove some technical facts about Boolean subalgebras that
will be useful for describing regularity in mixed products of T" and W.

Suppose that X1, Xy, ..., X, are sets with each X; # (). Let X := X; x---x X,,.
For each 7 let

7TZ'IX—>X7;

be the natural projection and let
wf:X—>X1><-~><)AQ><~~><Xn

be the natural projection where X’l means we omit X;. For each i let %; be a
Boolean subalgebra of Z(X;). Then let # := %, - - - x A, represent the Boolean
subalgebra of #2(X) generated by all A; x --- x A, with A; € ;.
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Forany Y € Z(X;) .- % Z(X,) = Z(X), we define an equivalence relation

on X;, =y, given by a =y, b if 7§ (W[l(a) N Y) = (W[l(b) N Y).

Lemma 6.4.1. Suppose X = X1 X --- X X,,, By *---x B, are as above, and

Y € P(X). Then the following hold.

(a)

(b)

(c)

(d)

For each i, there exist finitely many equivalence classes of =y;, denoted

}/1,i7 )/2,% [ YTLI,Z

Define a rectangle to be a set of the form Y; 1 xYj, 0%+ x Y], . (where each
set in the product is one of the finitely many equivalence classes in (a)). If
a point of Y is in a rectangle, then that rectangle is a subset of Y, and thus,

Y is a union of (finitely many) rectangles.

Y € By x---x B, if and only if Y;; € B; for all i € {1,..,n} and all

j € {]., ,TZZ}

Let F; be a subset of X; for each i such that F;NY;; # 0 forall j € {1,...,n;}.
Consider F' :==YNF of F := Fyx---xF,, and let =+ ; be the corresponding
equivalence relation on each F; (in the same manner as =y; on X;). Then
the equivalence classes for =g/ ; are precisely the intersections Y;; N Fy. In
particular, the rectangles for Y N F that are contained in Y N F are the

intersections with F' of the rectangles for Y which are contained in'Y .

Proof. Since Y € Z(X), we write

Y = UAk,IX"'XAk,n

keK

where K is a finite index set. Then define C; to be the Boolean subalgebra of

P (X;) generated by the finite set of elements {A; ;| k € K}. For each k € K,
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let A, := Ay, and let A7, = X; \ Ag; (the complement). Then for a sequence
€ := (€1,...,€k|) with each ¢ € {r,c} we define 4;, := ﬂkeKAZ’fi. There are
only finitely many such sequences, and so we call the finite set {A4; | A;c # 0}
the set of atoms of C;. We necessarily have A, N A, = 0 for ¢ # €, and
cach set J € C; is a finite union of atoms. Suppose now that a,b € A;. for
some €. Let J C K such that ¢; = r for j € J and ¢; = c for j ¢ J. Then
{Ajilae Ay ={A;:l j e J} ={A;:] b€ A,;}. Therefore,

7Tc(7T;1(CL>mY):UAJ71XXA;JXXAJm:ﬂ'f(ﬂ';l(b)mY),

z jeJ
and thus a =y; b so that each atom A;. is contained in an equivalence class of
=y,;. Therefore, the atoms give a finer partition of X; than =y;. Since there are
only finitely many atoms, there are only finitely many equivalence classes of =y,
proving (a).

Now, suppose that Y, 1 XY}, 2 x---x Y] , is a rectangle and that (ay, ..., a,) €
YN (Y1 xY,0x--xY ). Let (b1,....,0,) € Y1 X Yj,a % xY, . as well
Then, since a; =y by, we know that (b1, as,...,a,) € Y. Working inductively,
since a; =y; b; for all i, we have (b1, ..., b;, @11, ...,a,) € Y for all i. In particular,
(by,...,b,) € Y. Therefore, Y}, 1 xYj, 0 x---xY; , CY, and so Y is a finite union
of rectangles proving (b).

Next, if Yj,; € %; for all i € {1,...,n} and j; € {1,...,n;} then Y} ; x Y}, o X

XY, € By x---x B, for all rectangles and since Y is a finite union of
rectangles by (b), we have Y € % % --- x %,,. Conversely, if Y € %y x--- x B,
then from the proof of (a), each Ay, € %;, and so each A; . € %, and so C; C %,.
However, each Yj, ; € C; C %, as required for (c).

Finally, let F;, F', and F’ be as in the statement of (d). Let a =y; b and let
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a,b € F;. Then we know that

(77 (@) NY)) =75 (77 (D) NY)) .

K3 K3 K3

Since both a, b € F;, this implies that

()N (Y NEF))) =75 (r;'(0) N (Y N F))),

(2 K3

and thus a =p/; b. Therefore Y;; N F; C F,gl for some k.
Now, suppose that a =g ; b. Then a,b € F; and we have

7w (7 (@) N (Y N F))) =xf (77 (b) N (Y NEF))).

(2 7 K3

Let (z1,...,a,...,x,) € m; '(a)NY. Then, since Y;,,NF,, # 0, we have z,,, =y, 7/,
with @/ € F, for all m # i. Therefore, we see that (z,...,a;,...,2),) € 7; '(a) N
(Y NF). Since a =g, b, then (z,...,b,....2") € 7, (b)) N (Y N F), and using the

equivalence z,, =y, ¥/, in reverse, this implies that (x1,...,b,...,z,) € m; '(b)NY.

The exact same argument starting with b instead of a shows
i (m7 (@) NY)) = 7§ (7' (b)) NY))

so that a =y;; b, and thus Fj; C Y;; N F for some j. Therefore, we have equality

of equivalence classes. Equality of rectangles follows directly. O]

Next, we assume we additionally have another family of sets X7, ..., X]. Let
X':= X{ x---x X, and suppose that we are given a subset H; C Hom(X;, X/) x
;. For each i, we define a Boolean algebra ] (which depends on H;) of &(X))

consisting of sets A C X/ such that for all (h;, B;) € H; we have h; ' (A)NB; € %;.
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Then, let B’ := B) x-- -+ B, be the corresponding Boolean subalgebra of &7(X’).
Define H := {((hy X - -+ X hy), (B1 X --- X By))| (hi, B;) € H;; Vi}. Additionally,
we set

B ={ZC X'| " Z)NB e B, forall (h,B) € H).
Lemma 6.4.2. Suppose that for all i € {1,...,n} there exists a finite subset H, C

H; such that Ug, pemhi(Bi) = Xi. Then $" C P(X]) * - x P(X]).

Proof. Define H' := {((hy X -+ X hy,),(By X -+- x By))| (h;, B;) € H; Vi} C H.

Let Z € #". Clearly we have
U »(»(2)nB)Cz (6.4.1)

(h,B)eH’

and since each h™'(Z) N B € Z(X) and h : Z(X) — P(X’'), we have that the
left hand side of is in Z(X’). Now, suppose that (z1,...,2,) € Z. By
assumption, we can write z; = h;(b;) for some (h;, B;) € H! with b; € B;. Then,
let h:=hyx---xh, and B := By x---x By, so that (h, B) € H' by construction.
Then, b := (by,...,b,) € A (Z) N B and so (z1, ..., 2,) € h (R~ (Z) N B) for some
(h, B) € H'. Therefore, we have

z<c |J n('(2)nB),

(h,B)eH'
and thus Z € Z(X’) since we have equality in (6.4.1]). O
Lemma 6.4.3. With notation as above, the following hold.
1. B CA".

2. Suppose that for all i € {1,...,n} and for all h € H; we have that h is
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surjective; furthermore, assume that for each h;, we have

U B=x. (6.4.2)

Bi: (hi,Bi)€H;
Then " C A" (and thus B = AB").

Proof. We begin by showing 1. Let C! € . Then if (h;, B;) € H; we have
hi ' (C!) N B; € %;. So we have that

(hy X -+ X hy) HCl x -+ x C!)N(By x -+ x By)

= (hyH(C) N By) x - x (W, (C!YNB,) € By x B, =B.

Therefore, C] x --- x C; € %". Since #" is closed under finite unions and
intersections, 1 follows.

Now, suppose that for all 7 and for all h € H;, we have that h is surjective.
Let Z € #". According to Lemmal6.4.2) Z € £(X’), and thus, by Lemma [6.4.1]

we have

Z = UZk,lx"'XZk,n

keK

where K is a finite set, and each Z 1 X - - - X Z,, is a rectangle (in the terminology

of [6.4.1). Now, let (h, B) € H with h = (hy x - - X h,). We have,
Vi=h'(2) = |J hi"(Zea) x -+ X 1y (Ziew).
keK

A quick calculation shows that if a € X then

7w (77 (@) RN (Z)) = h7! (75 (7 (hi(a)) N Z)) (6.4.3)

)
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Using equation and the assumption that all h; are surjective, then if a =y,
b, we get hi(a) =z; hi(b) and if a =z, b, we get a’ =y; ¥ for all a’ € h;'(a) and
' € h;'(b). Therefore, each hy'(Zy1) x -+ x h;Y(Zy.,) is a rectangle for h=1(Z)
(recalling the definition of a rectangle from .

Now, fix h = (hy X -+ X h,). Consider the sets Q; := {ng)| (hs, DZ@) € H;}.

By assumption

Y (Z) N (DY x - x D)) e

if DY € Q; for all i. Then, we let B; = U;e; DY) with J finite and all DY) € Q;.

Since these unions are finite, we have

Choose each B; large enough so that B; N Vii # 0 for all j € {1,...,n;} (all
equivalence classes of =y;); we note that this is possible by our assumption (6.4.2]).

Then, we have

Z' = | J(hi"(Zka) N By) x -+ x (hy " (Zkw) X By) € B.

keK

By Lemmam (d), we know that (h7(Z1) N By) X --- X (h'(Zkp) X By) is
a rectangle. Hence, by Lemma m (c), we have that each h; '(Z.) N B; € %;.

Finally, since B; € %; for all i, we know that
h ' (Zki) O Bi = by (Zs) 0 Bi N B; € ;.

Therefore, for all ¢ € {1,...,n} and k € K, we have Z;;, € %, and thus Z € %’ as

required. O

78



6.5 Regularity in Mixed Products

We now extend our notions of p-complete regularity on 7" and W to the notion
of a p-complete regularity of products W" x T™ with n,m € N.

As done previously when dealing with Cartesian products, we say that a subset
of a product By x --- x B, with each B; equal to T or W is p-completely regular
if it is in the Boolean subalgebra of Z(B; x --- x B,) generated by products
Ay x -+ x A, where each A; is p-completely regular in W if B, = W and each A,
is p-completely regular in T" for B; = T. To avoid trivial situations, if n = 0, we
let By x --- x B, be the singleton set and declare all subsets to be p-completely
regular. For ease of notation in the next following lemma, we assume that B =

By x - x B, =TFx W"* with B; =T fori € {1,....k} and B; = W otherwise.

Lemma 6.5.1. Let B = By x---x B, be as above, with each B; =T for1 <i <k
and B; = W for k < i < n. For any family t = (t1,....t;) in T*, we define

fr:W" = By X -+- X B, by fe(wy,...,w,) = (u, ..., u,) where

w;ltiwi; if1<i<k

wy; otherwise.

Then a subset X C By X - -+ X B, is p-completely reqular if and only if for all s =
(S1,.r8%) € S* and (my, ..., my) € M*, f7HX)N(Toymy X - X Topm,, x W)

15 p-completely reqular in W™.

Proof. This lemma follows from the lemmas in Section [6.4] because the map and
sets satisfy the following. Using terminology from that section, we have H! :=
Usest (fs, T50), which is finite. Since each conjugacy class is p-completely regular,

and 7' is a finite union of conjugacy classes, we reduce to the case where we replace
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B; = T by a conjugacy class in T so that f, is surjective. Also, for any 5 € S*, we
have UmemTs, m equal to the conjugacy class of s;, so we satisfy (6.4.2]). Finally,
by definition A C T is p-completely regular in 7" if and only if f; 1 (A)NTsm = Asm

is p-completely regular in W for all s € S and m € M. ]

Remark 6.5.2. We see that the above proof would work for mixed products B =
By x --- x B,. We simply used the appropriate ordering for ease of notation in

the statement.

Remark 6.5.3. Let B = W™ % x Tk and B’ = W ~* x T* be products as above, so
that Bx B’ =2 WnHn k=K y Tk+k i another such product. Let R be a p-completely
regular subset of B x B’. Then for &' € B’ the set By p := {b € B| (b,0') € R}
is p-completely regular in B. Also {b € B| (b,0') € R for some b/ € B’} and

{be B| (b,b) € R for all ¥ € B’} are both p-completely regular.

6.6 General Regularity in Mixed Products

Now, we generalize Lemma to the case of mixed products of copies of
W and T.

Consider B = By x -+ x B,, &2 W"% x T* as above. Then, we let I be the free
group on n generators X1, ..., X,,. For any element b = (by,...,b,) € B, we define
a group homomorphism «y, : ' — W determined by «,(X;) = b;. Now, fix an
element g € F', and suppose g = X' --- X' is a reduced word for g with n; € Z
for all <. Then ay(g) = b ---bi™. Then, we can define a length function on F,
dependent on b, by I} : F' — M by l)(g) = > |n|l,(bi;) where g is as above and
[n;| represents the absolute value. Now, we can see that 1(g) — I,(as(g)) € 2M.
So for any g € F and b € B, we call the quantity I2(g) — (s (g)) the g-deficiency
of b.
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Theorem 6.6.1. For any m € M and g € F, the set

Bym = {b € Bl l,(aw(g)) = () — 2m}

1S a p-completely reqular subset of B.

Proof. Fix m € M and g € F with g = X' --- X" Let D := {iy,...,in}.
Then let C' := {j1,...,Jq} C D be such that B; =T for all j € C' and B; = W
for all j € D\ C. Then for any 7 € S*, we consider W/, := [ (Bym)- Let
Z; =W if B = W and Z; = T,, . otherwise, and let (ny,...,n;) € M*. For

w = (Wi, ..., wp) € W7 N (Z1 X -+ X Zy,), we have

where z;, = w;, if iy € D and z;, = w;klrikwik if i € D. Thus, we have

Ko, = Y @lngll(wy) + 1)+ Y (Ingll(wy,)

it €D ikl €D

Then, since 7 is fixed, Lemma [5.10.1| proves that
W;mﬂ(Zl XX Zp) = {(wy,...,w,) € W"| Ly(vy,) = Ko, —2m} N (21 X -+ - X Zy,)

is p-completely regular. Therefore, by Lemma [6.5.1} since Wy N (Zy x --- x Z,)
is p-completely regular for all 7 € S* and (ny, ...,n;) € M*, then we have B, p, is

p-completely regular. O
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6.7 Multivariate Poincaré Series

Recall the notation from In [§], it is shown that the Poincaré series for
the set of reflections, P(T;W), is rational. Due to the results of this chapter,
we obtain the stronger result that the multivariate Poincaré series of the set of
reflections as well as any p-completely regular subset of T" will be rational.

Furthermore, if we have a mixed product B := By X -+ Bpapn = W™ x T7,
let My, ..., M, be the corresponding multiplicative monomials for each B; gen-
erated by Xy, ..., X4, with corresponding length functions l,, : B; = M;. Let
Z[[ X1, ..., Xmin]] be the completion of the polynomial ring Z[Xy, ..., X;4p]. Then
according to the transfer matrix method ([2] or [28]), for any p-completely regular

subset of A C B, we have that the multivariate Poincaré series

P(A;B) = Z by (21) ** * by (Tmtn)

(1'1 ~~~~~ "E7n+n)€A

is rational. In fact, P(A; B) is a finite sum of products, each of the form f; - - f4n

with each f; a rational expression in the variables X;, i.e. f; € Q(X;).

Example 6.7.1. Let [, : W — M, [,, : W — My, [,, : W — My, and
lp, : T — M3 be generalized length functions with M considered additively and

M, My, and M3 considered multiplicatively.

1. According to Theorem [6.6.1], for n € M,

Add(n) = {(z.y) € W x W] I(zy) = L) + L,(y) - 2n)
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is p-completely regular in W x W. Therefore,

P(Add(n); W x W) = Z Lp, (2), (y) = Z Ay XX
(z,y)eAdd(n) XEM;x'EM2

has a rational expression, where a,, € N is the number of pairs (z,y) €

W x W with [,(xy) = l,(x) + l,(y) — 2n and [, (x) = x and [, (y) = x.

. Also by Theorem [6.6.1] for n € M,
U, = {(z,t) € W x T| l,(xtz™") = 2l,(x) + [, (t) — 2n}
is p-completely regular in W x T'. It follows that

PUy W xT) = Z Ly ()L, (¢)

(z,t)€Un

has a rational expression. Moreover, according to Remark [6.5.3 for any

x € W, the set
Up(z) = {t € T| l,(wtz™") = 20,(x) + [, (t) — 2n}
is p-completely regular in T so

P(Un(2):T) = 3 1y(0)

tEUn(Qf)

has a rational expression.
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CHAPTER 7

HECKE ALGEBRA MODULES

The recurrence formulae given in section look very similar to recurrence
formulae for the generic Iwahori-Hecke Algebra. In this chapter, we will further
discuss this algebra, and we introduce a large family of modules for the Iwahori-
Hecke algebra. These modules arise from the sets T<p,. In, [I§], Dyer uses modules
like these to prove a weak form of Lusztig’s conjecture about the boundedness
of the a-function. There is some hope that deeper regularity properties of the
modules described in this section may lead to more results about the a-function.

Throughout this chapter, we fix an arbitrary Coxeter system, (W, S), with
reflections T, reflection cocycle N : W — (T, and with generalized length
function [, w where p is a surjective function from 7' to the set of indeterminates
X as in section 3.2l In addition to X, let V' be another set of indeterminates
equipped with a surjective function ¢ : T' — V satisfying q(t) = q¢(t') if ¢ is
conjugate to t’. For ease of notation, we denote p(r) = p, and ¢(r) = g, for any

resS.

7.1 The Generic Iwahori-Hecke Algebra

Let R denote the integral polynomial ring R = Z[X,V] in indeterminates
X UV. We consider the generic Iwahori-Hecke algebra .7 of (W, S) over R with
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generators (as a unital R-algebra) ¢, for r € S subject to the braid relations of
(W,5)

fdgeor =t
~—— ~——
m(r,s) factors — m(rs) factors

and the quadratic relations t2 = p,+¢,t,. As an R-module, 5 is free with R-basis
{tw}wew. The multiplication is determined by the following formulae: ¢; = Id

and

trw if r & N(w)
toty = .
Drtrw + Grty i 7 € N(w)

By these formulae, it is clear that the set {t,,| w € W} is a spanning set for

H as a Z|X,V]-module. In fact, this set is also a Z[X, V]-basis for 7 (see [26]).

7.2 A Module for 7

We regard R as a free Z[V] module with basis corresponding to M = My,
i.e. monomials in Z[X]. We will denote monomials in M x by boldface letters, e.g.
m. For any m € M, we denote the dual basis element of R' := Homg|(R, Z[V])
by m* so that m*(n) =0 if n # m and m*(m) = 1.

R is an R-module with the standard R-structure given by (rf)(r') = f(rr’)

for f € Rt and r,7 € R. Then, we note that

(2) ifpe<m

0 otherwise

Let R’ be the R-submodule of R spanned by the dual basis elements of M x.
Then R’ is free as a Z[V]-module with basis M.

Next, we can form the -module 77’ := 7 ®r R'. For ease, we denote the
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element t,, ® m* of S’ by t,m for m € M and w € W. These elements form a

Z[V']-basis of .#”. We thus have

tw,pE if Pr <m

pr‘tw,m = "
0 otherwise
for all » € S and
trw,m if r € N(’w)
trtwym = trw,m + Gtwm ifr € N(w) and p, <m
Glwm if r € N(w) and p, £ m

for all r € S.

For each n € M, the Z[V]-span of the elements t,, , with w € W and m <n
is a #-submodule, called JZ of J'. Provided S is finite, then .77, has finite
rank as a Z[V]-module. For n > m > 0, multiplication by m induces a short

exact sequence of 7Z-modules:
0— Y S — A AHa — 0
k<m

7.3 The Hecke Algebra Modules from hy)p .

For m € M, let Qm := {N(w) N T<m| w € W}. Define a free Z[V]-module
" with Z[V]-basis given by formal symbols t4, with m € M and A € Qm.
For n € M, let 7 be the Z[V]-submodule spanned by the basis elements t 4 m

with m <n and A € Q.

Proposition 7.3.1. 1. There is a unique F-module structure on " such

that the Z[V]-module map p : 7" — F" that is determined by p(tym) =
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EN ()" Tepy,m 1S QN FC-module epimorphism.

2. Form € M, ! = p(J£)) is a submodule of 7". So F! is a submodule
of ) if m < n.

Proof. We define Z[V]-linear endomorphisms p, and 6, on " for r € S by

tAﬂT<m,m lf pT S m
- Pr

p;(tA,m) - o
0 otherwise
and
tA’m if r & N(w)
0, (tam) = tA;gpm + ¢tam ifr € N(w)and p, <m
¢tAm if r € N(w) and p, £ m
where

A= (rArU{r}) NT<m and A := (rAr\ {r}) N Tgpﬂ

Now suppose that t,, m € 5. Then on one hand we have

p(hu,p%) if pr < m tN('w)ﬁTSpm,pE if Ppr < m

T

p(0) otherwise 0 otherwise
and on the other hand we have that

N Tem, = ifp, <m

p/r(p(tw,m)> = p/r(tN(w)ﬂTgm,m) = :
0 otherwise

Thus, we see that pl(p(twn)) = p(pr(twn)) and extending by linearity we get

p.(p(h)) = p(p.(h)) for all h € 2.

Next, let t,,m € 5" and t, € . Again we compute the following:
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Pltrm) it r ¢ N(w)

pltr(tum)) = § pltrw,m + gotwm) if 7 € N(w) and p, < m
P(Grtwm) if r € N(w) and p, £ m
75]V(7"w)ﬁT§m,m ifr € N(U))

- tN(rw)ﬂTSp%,pﬂr + qrtN(w)ﬂTSm,m if r e N(U)) and pr < m

@rUN () T< o, m if r € N(w) and p, £ m

by linearity of p on Z[V]. Also,

Er if r & N(w)
er(p(tw,m)) = Hr(tN(w)ﬂTSm,m> = tB;’,pﬂ + QTtB,m ifre N(w) and Pr S m
¢tBm if r € N(w) and p, £ m

where B = N(w) N T<ym. Then B’ = (rBr U {r}) N T<m = N(rw) N T<my since
r ¢ N(w) then N(rw) = {r}UrN(w)r. Finally we have B! = rBr\ {r} NTcm =
N(rw)n T<m since r € N(w) then N(rw) = rN(w)r\ {r}. These all follow from
Proposition Therefore we have shown that 6,(p(ty,)) = p(t,(tw,)) for all
twn and so extending by linearity we get 6,(p(h)) = p(t.(h)) for all h € 2.
Now, p is clearly an epimorphism,, and so we thus have an .7#-module structure
on 7" in which p, acts by p.. for all » € S, g, acts via the natural Z[V]-module
structure on " for all »r € S, and ¢, acts by 6, for all » € S. Hence, 1 is true.

Then 2 follows from the definition of p. O
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7.4 The 0-Hecke Algebra

Now, we regard Z[V] as the R-module R/XR. Then for any m € M we
define :%\’Zl’ =0 (3 nem #C ), which is annihilated by X and so may naturally
regarded as a J = /X module. We see that J# is a free Z[V]-module
with Z[V]-basis given by the images in the quotient of elements ¢, for w € W.
By abuse of notation, we will denote these elements still as ¢,,. We also see that

%n/’{ has a free Z[V]-basis consisting of the images of elements 4, for A € Qm.

The Z[V]-algebra structure of H is determined by

trw,  ifr ¢ N(w)
bt =

Drtw, ifr € N(w)

for r € S and w € W, and the #-module structure on EZ’Z( is determined by

t(rArU{T})ﬂTSm,m if r &/ N<w)
trtA,m -

DrtAm if r € N(w)

forre Sand A € Qun.
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CHAPTER 8

INITIAL SECTIONS OF REFLECTION ORDERS

In this chapter, we recall the definition due to Dyer (c.f. [I1], [12], or [13])
of reflection orders, which are certain total orders of the set of reflections T,
and of their initial sections, which are subsets of T" that are known to lead to
partial orders (twisted Bruhat orders) on W that are similar to Bruhat order.
In particular, using the initial section ) € T' we get the Bruhat order on W, and
using 7" C T', we get the reverse Bruhat order on W. In this chapter, we determine
all subsets of T" that give rise to partial orders on W in the same manner. The
subsets of T that have this property are those which are “locally” (at each dihedral
reflection subgroup) initial sections; it has been conjectured by Dyer ([12]) that
these sets coincide with the initial sections. Reflection orders are closely related to
a notion of closure in the positive root system. In Chapter [9] we will examine the
relationship between closure in root systems and dominance order on the positive
roots. For general references about the properties of reflection orders and initial

sections, see [2], [11],[12], and [13].

8.1 Classification of Twisted Bruhat Orders

Let (W, S) be a Coxeter system. Recall that W acts on Z(T) by w- A =

N(w) + wAw™" for any A C T and w € W, where + represents symmetric
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difference. Now, for any A C T', we follow [I1] by defining a directed graph Q)
with the vertex set of Qw, 4) equal to W and edge set Eqy 4y = {(tw, w)| t € w-A}.

We also have the following equivalent definition of Ey, 4).

Egw.a = {(tw,w)| t € N(w) + wAw™'} = {(tw, w)| w™'tw € N(w™") + A}

= {(wt',w)| t' € N(w™") + A},

and we will find it convenient to use this description, Euw,a = {(wt,w)| t €
N(w™')+ A}. For z € W, we have that ¢t € w- A if and only if t € (wz™!) -z - A,
and thus the map w +— wx~! defines an isomorphism Qw,a) = Quwga)- In
addition, for A C T we can define a length function l4 : W — Z in the following
way:

Ia(v,w) = l(wo™) = 2|[N(ww ) Nv-A]| € Z

and then set [4(w) = [4(1,w). We can define a pre-order <4 for any A C T given
by the following: v <4 w if and only if there exist tq,....t, € T with w = vt;...t,
such that t; & [N((vty...t; 1)) + A] for all i = 1,.... n.

Remark 8.1.1. The multivariate analog of such single variable length functions,

L4, similar to that of Chapter [3| has not been studied but should be of interest.

Definition 8.1.2. Following [12], a total order on the set 7" in a dihedral Coxeter
system, (W', S") with S = {r, s}, is called a dihedral reflection order if it is either
<pg or < where <p and </, are defined by r <g rsr <g --- <g srs <g s and
s <p srs < -+ < rsr < r. Then, for any Coxeter system (W, S) we call
a total order <g on T a reflection order if the restriction < R|W/0T is a dihedral
reflection order for all dihedral reflection subgroups W’ of (W, S) with respect to

the canonical generators y ().
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Remark 8.1.3. We can also define a reflection order in terms of the root system ®
associated to the Coxeter system. This definition can be found in [2], and we will

discuss this definition in more detail in Chapter [9]

Recall from [12] that an initial section of a reflection order is a subset A C T
such that there is a reflection order <z with the property that a <z b for all
a€ Aand be T\ A. It is shown in [IT] that <, is a partial order of W if A is
an initial section of a reflection order. Our main result in this chapter, Theorem
below, describes all subsets A of T" for which <, is a partial order.

Let Agw,s) be the set of initial sections of reflection orders of T'. Now, we
define Ayg) = {A CT| ANW' € Ay vy YW C W dihedral}. Tt has been

conjectured by Dyer that A = A. We now come to the main result:

Theorem 8.1.4. Let (W, .S) be any Cozeter system. The following are equivalent:
1. Qw,ay 1s acyclic.
2. <4 s a partial order.
3. Qqw,a) has no cycle of length four.

4. A€A.

5. la(xt) <la(z) for allz € W and t € N(z™1) + A.

8.2 Proof of the Classification

In the following proofs, for any positive root a@ € @, let t, € T be the
corresponding reflection, and for any reflection ¢ € T, let oy € ®* be the cor-
responding positive root. To begin with we investigate the dihedral case. Sup-

pose (W,S) is dihedral, i.e. S = {r,s}. There is a bijection between subsets
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A C T and subsets ¥ C @ such that WU —¥ = ® and ¥ N —¥ = () given by
A=Ay ={ts] a € ¥ N®T}. We note that A_y = Ay + T.

Lemma 8.2.1. For any Ay C T, w- Ay = Ayw).

Proof. Tt is enough to show that this is true for r € S. Now we know that
r-Ag ={r} +rAer ={r}+{rtar| a € YNt} = {r} + {t,(| a € NPT} =
{r} +{ta| a € r(¥)Nr(@®*")}. If . € ¥ then —a, € r(¥) Nr(d") and so r €
{to| @ € r(¥)Nr(®1)}. This implies that r- Ay = {to| « € r(V)NOT} I, € U
then r & {to| o € r(V)Nr(®T)}. But . € 7(V) so {r}+{ta| a € r(¥)Nr(®d*)} =
{ta] @ € r(¥)N ®*}. Thus, in both cases r - Ay = {to| a € r(¥) NPT} O

Since we are considering (W, S) dihedral, we choose an orientation of the plane
spanned by ®. Then for any root o € ® we can define the neighbor of a, denoted
nbr(a), to be the root lying directly next to « if we traverse the root system
clockwise. Recall that S = {r, s}. Interchanging r and s if necessary, we assume
without loss of generality that o, = nbr(—as). We note that this implies that
nbr(ag) & 7.

Lemma 8.2.2. Let (W,S) be dihedral. Suppose o € @ and v := nbr(a) € 7.

Then tot, = sr.

Proof. Let (rsr...), denote an element with n simple reflections listed (we note
that [((rsr...),) is not necessarily n). With this terminology, ¢t € T' can be written
t = (rsr...)gip1 or t = (srs...)9;1 for some @ > 0. Under the chosen orientation
for &, if t, = (rsr..)eiy1 then we can write ¢, = (rsr...)243 so that t,t, =
(rsr..)ois1(rsr...)2irs = sr. Otherwise, if t, = (srs...)941 (¢ > 1) then t, =

(s75...)2i—1 and so t,t, = sr. O
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Now, given A = Ay, we introduce two conditions that a positive system, I'",

of ® can have:

C1: There are roots a, nbr(a) € I'" such that a ¢ ¥ and nbr(«a) € V.

C2: There are roots 3,nbr() € I'" such that 8 € ¥ with nbr(3) ¢ V.

Lemma 8.2.3. Let (W, S) be dihedral and let A= Ay CT.

1. If the positive system r(®) has condition C1, then there erxists a path 1 —

x — srin Quya).

2. If the positive system r(®*) has condition C2, then there exists a path sr —

z— 1w Q(W,A)-

Proof. Replacing A by A+ T reverses the orientation of edges in Q(y;4) and so 2
follows from 1.

We now prove 1. There are two cases to consider. If @ # ay, then both «
and v := nbr(a) € ®*. Sot, ¢ A and t, € A. Also, since t, & {r,s}, it
follows that t., € N(t,). So we have that ¢, € N(t,) + A. Thus, we have a path
1 — ty — tat, = sr, where the last equality follows from Lemma . Now, if
a = ay then nbr(a) = —a,. Since —a, € ¥ we know that «, ¢ ¥ which implies
r & A. Also, s ¢ A and clearly r € N(s). Together, we see that there is a path

1 — s — srin Qg,a). O

Lemma 8.2.4. For (W,S) dihedral, let A = Ay CT. If there are no 4-cycles in

Qw,a) then there is no positive system, I't C & satisfying C1 and C2.

Proof. Suppose there is a positive system I'" satisfying C1 and C2. It is clear that
—I'" also satisfies C1 and C2. Since I'" satisfies both C1 and C2, then w(I'")

94



will also satisfy both conditions (w with even length respects both conditions and
w with odd length interchanges the conditions). Thus, we can find a w € W such
that (1) = w(I'") or 7(®+) = w(—=I'"). So we have that r(®*) satisfies C1 and
C2 with respect to A, w) = w- Ay. Since 4 is isomorphic to w,,.4), We can
assume without loss of generality that r(®") satisfies C1 and C2 with respect to
Ayg. Thus, Lemma [8.2.3 implies that we have a path sr - u — 1 — v — sr in

Lemma 8.2.5. Let (W, S) be dihedral and A = Ay C T'. If there is no positive

system, I't, of ® satisfying C1 and C2, then A € Ayys).

Proof. Let A & Aqy,s). Recall that the only two reflection orders on (W, S) are
~<r and <, described in Definition[8.1.2] Since A is not an initial section of either
of these orders, without loss of generality (replacing A with T\ A if necessary)
we can find tp € A and ¢, € T\ A such that t; <g ty and t3 < to, ie.
to <g to <g t1.

Now, if (W, S) is finite, we can list all of the reflections and thus can find
t',t" € T such that ty g t' <g ty g t" <g t; with ay € ¥V and nbr(ay) € VU,
and oy € U and nbr(ay) ¢ U. Thus &+ satisfies C1 and C2.

If (W,S) is infinite, then T' = T, U T, (disjoint union) where T,, = {t € T'| r €
N(t)} and Ty = {t € T| s € N(t)}. Suppose ®* does not satisfy C1 and C2.
We cannot have tq,ts,tg € T, for some u € {r,s} since this would imply, by
the reasoning for (W, S) finite, that ®* satisfies C1 and C2. So, we can assume
that ta,tg € T, and t; € T (the case ty € T, and tg,t; € Ty is exactly similar).
Additionally, since C1 and C2 aren’t both satisfied by ®*, we may assume the
following conditions hold (see Figure [8.1)):

1. oy, = nbr(ay,),
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2. te T\ Aif t <pts,
3.teT\Aifte T, and t < ty,
4. tEAiftETTandtoth,

5. te Aift; <pt.

Now, consider the positive system I't with simple roots ay, and —nbr(ay,). Then
'™ satisfies C1 using the roots «y, and oy, = nbr(ay,). Also, by above, oy, & ¥
and nbr(ay,) € ¥ (note that even if ¢; = s this is true since nbr(as) = —a, € ¥
because by above «, ¢ ¥). Using this, we see that 't satisfies C2 using the roots
—ay, and nbr(—ay,) = —nbr(ay,) (again see Figure [8.1)).

O

With the dihedral case taken care of, we proceed to the general case. For the

remainder of the chapter, we assume that (W, S) is a general Coxeter system.
Proposition 8.2.6. For allw € W and A € A(Ws), w-Aé€ A(WS).

Proof. 1t suffices to check the condition for w = r € S. Let W’ be a dihedral
reflection subgroup. If r € W’, then (- A) N W’ = Nayr \wy(r) + r(ANW)r
A yowry) by [12]. Now, if r W', then (r- A) N W' =r(ANrW'r)r. However,
conjugation by r defines an isomorphism (W', x(W')) = (rW'r,rx(W’)r) in this
case, and by assumption ANTW'r € Awirrywiyr), thus (r- A)NW' € Ay ywr))-

0

Before, we prove Theorem [8.1.4] we provide one more important proposition,

which is proven in [IT], but we include a proof here as well.

Proposition 8.2.7. Let A € A(WS), x € W, t €T. Then la(x,xt) > 0 iff
t¢ N+ A
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Figure 8.1. This is a schematic diagram of the root system for (I, S) infi-
nite. ®* consists of the roots which are non-negative linear combinations
of o, and . The dotted ray through the origin represents a limit line
of roots. If C1 and C2 are not both satisfied by ®* then W is pictured
above with the roots in ¥ labeled by e, and those not in ¥ labeled by o.
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Proof. We begin by proving the statement for all A € A(Wﬁ) andt € T'withz =1,
ie. [4(1,t) =14(t) > 0 if and only if t ¢ A. If (W, S) is dihedral with S = {r, s},
then we see that, without loss of generality, ¢t = (rsr...)a,41 with I(t) = 2n + 1.
Then, N(t) = {r,rsr, ..., (rsr..)ani1, oy (187..)ans1 }. Since A € Agys), then if
(rsr..)oiy1 € A either (rsr..)oj11 € A for all j < i or (rsr..)s+1 € A for all
i < j < 2n. In particular |[N(t) N A| > n+ 1 if and only if ¢t = (rsr...)e,41 € A.
Therefore, in this case {4(t) > 0 if and only if ¢ & A.

Suppose that (W, S) is not dihedral. Then if W’ is any dihedral reflection
subgroup containing ¢, since A € A(WS) then A" .= ANnW’' € A(W’,x(W’))a and so
we have [ 4/ (t) makes sense in the Coxeter system (W', x(W’)). Now, by equation

2.3.1, we get that

\{t} = UW,E% () \ {t}

and

NO\{t}N A= U (Nowrawny () \ {t}) N A

W'e

which implies that

1) - 1= INO\ I = 3 INaaar @\ = 32 Ly () — 1
W'edty W'et,
and
at) = 1= (Larw(t) = 1). (8.2.1)
W'e. iy

Now, t € A, if and only if t € AN W’ for all W’ € .#,. This occurs if and only
if Laqw(t) > 0 for all W’ € #; and then by equation (8 is true if and only if

we get [4(t) > 0 as required.
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Now, if x € W,

La(x,xt) = l(xtz™t) — 2|N(ztz™ ) N - Al

=l(ztr ') = 2|N(xtz ) N1 (z - A)| = lpa(l, ztx™)

80 la(z,xt) = I, a(xtz™"). Therefore, l4(x,zt) > 0 if and only if [, 4(ztz™1) > 0.

Also, t € N(z7%) + A if and only if zta™! € aN(z ')z~ + zAz~! = N(x) +
rAz ' =x-A Sot ¢ N(z™')+ Aif and only if xtz™! € z - A.

Putting together the previous statements, we have that the statement of the
proposition is equivalent to the statement I, 4(xtx™') > 0 if and only if t & x - A.
Following Proposition , welet AA=x-Ac A(Wﬁ) and t' = xtz~!, then this
case is equivalent to [/ (t') > 0 if and only if ¢ ¢ A’ which is true due to the z =1

case above. 0

At this point, we can use the previous lemmas and propositions to prove The-

orem B.T.4¢

Proof. (1)&(2)=(3) is clear.

(3)=(4): According to section [2.3] we know that for any dihedral subgroup W’
of W, Nawr xwr)(w) = New,s)(w) N W’. This implies Qwr anwry is a subgraph of
Quw,ay. So,if A ¢ A(Wys), Lemma and Lemma imply that there exists
some dihedral subgroup W’ of W with Qg s4qw+) containing a cycle with four
edges.

(4)=(5): Suppose that A € Aqy.), 2 € W and t € N(z~')+A. Then Proposition
implies that l[4(z,xt) < 0. But by [I1], l4(1,z) + la(x, xt) = [4(1, xt) and
this implies [4(xt) — la(z) = la(x, xt) < 0.

(5)=(1): Suppose 2,4y has a cycle. This means that xt;...t,, = x for some n > 0

(all t; € T and with t; € N((xty...t;_1)~") + A for all 7). By assumption, [4(z) <
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la(zty) < la(xtitsy) < ... < la(wtits...t,) = la(x) which is a contradiction. O

Remark 8.2.8. In case (W, S) is finite, say of order m, we can give a much simpler
proof of the equivalence of (1), (2), (4), and (5). By the proof above, we have
(4)=(5)=(1)=(2). If (4) fails, then w- A # T for allw € W (orelse A=w™'-T
which is an initial section). So we can choose t ¢ w - A. It follows that we can
recursively choose ty,...,t,, such that t; ¢ Aand t; €t;_1---t;- Afori=2,....m.
This gives us the following path in Qqy 4): 1 =11 — ... — £, - - - t1. However, this
path has m + 1 elements and W has m elements, so there must be two elements

in the path that are the same thus creating a cycle.
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CHAPTER 9

CLOSURE IN THE ROOT SYSTEM

This chapter recalls a notion of closure on the positive roots that has been
studied by Dyer [16]. A conjectural relation, due to Dyer, between these closures
and the sets T<,, (m € N), as defined in section and generalized in Chapter
B, would lead to a new and potentially interesting normal form for elements of
Coxeter groups, via known special cases of other conjectures of Dyer ([I7]) involv-
ing initial sections and these closures. The results of the previous chapter afford
the possibility of bringing the study of twisted Bruhat orders to bear on these

conjectures.

9.1 2-closure

Let (W, S) be a fixed Coxeter system. Recall that we denote the roots and
positive roots by ® and ®* respectively. We begin by describing a notion of
closure on the subsets of positive roots, ®*. This closure is similar to the notion

of closure in the crystallographic root system of a finite Weyl group as described

in [3].

Definition 9.1.1. Let I' € ®*. We say that I' is 2-closed if for all a, 3 € T, we

have (RZOO[ + Rzoﬁ) N (I)Jr g I
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Remark 9.1.2. Let T C T be the subset of reflections corresponding to I' via the
canonical bijection. Then, 2-closure is the same as the following. Tt is 2-closed
if for all ¢,,t5 € Tr with W’ = (to,t5), {t € W NT|ty, <pt <g tg} U{t €

W'NT|ts <pt <gte} C Tt for all reflection orders <z on T' (see Chapter [8).

Definition 9.1.3. We say a subset I' C ®* is biclosed if I" and ®* \ I" are both

2-closed.

In particular, initial sections of reflection orders are biclosed subsets. Moreover,
A(Wﬂ) as defined in Chapter |8 is the set of all subsets of T" corresponding to

biclosed subsets of ®* under the natural bijection ®* <> T

9.2 More types of subsets of &

We introduce three more types of subsets of ®*. These notions are due to

Dyer, and further information about them can be found in [I7].
Definition 9.2.1. Let ' C &+,

1. We say I is balanced if for all @ € T and W’ € ., then g € &, such

that [y \wn) (58) < lowr xw)) () implies that 3 € I
2. We say I is bipedal if for all « € I" and W' € ., with a & Iy, [y, C T

3. We say I' is unipedal if for all & € T' and W' € #,_, then Iy, = {B,7}

implies that either § € I" or v € T".
The following proposition is then clear from the definitions.
Proposition 9.2.2. Suppose I' C &+,

1. If T 1is balanced then T is bipedal.
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2. If T 1s bipedal, then I' is unipedal.
3. If T\ T is closed, then T' is unipedal.
4. If T C &7 is bipedal and A C O is unipedal, then T N A is unipedal.

For any subset I' C ®*, we let I denote the 2-closure of I, that is the smallest

2-closed set containing I'. The following is conjectured by Dyer in [17].
Conjecture 9.2.3. If I' C ®* is unipedal, then I is biclosed.

This would strengthen the following conjecture, also in [I7], parts of which

were raised in [I3, Remark 2.1.4].

Conjecture 9.2.4. Let A := {I' C ®*| I' is biclosed}. Then A is a complete

lattice with \/,.; I'; = |J,;c; I's for an arbitrary family {T';};c; C A.

The last conjecture extends the known fact that W under weak order is a meet

semi-lattice (see [2] for example). In fact, [17] proves the following:

Theorem 9.2.5. Let &, := d* Nw(—@1). If T C &, for somew € W and T is

unipedal, then I' = &, C ®,, for some v € W.

The previous theorem provides a new formula for the join (when defined) of
elements of W in weak order. For z,y,2z € W, zVy = zif and only if ®, U &, = ®..
There is a similar (proven) formula for meet, which we do not give.

9.3 A Conjectural Normal Form for Elements of W

Our conjectural normal form for elements of W depends on the following con-

jecture of Dyer in [17].
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Conjecture 9.3.1. Let m € N and let X = {a € & h™(s,) < m} be the

subset of positive roots corresponding to 7<,,. Then @;m is balanced.

In fact, we will only need the weaker conjecture that CDJSFm is bipedal (see part

1 of Proposition 9.2.2)). Then we have the following theorem.
Theorem 9.3.2. Let m € N such that <I>J_<rm is bipedal.

1. For any x € W, there is a unique ' € W such that Ny, (2') = Np(x),

and any y € W with Ny, (y) 2 Ny (x) can be written y = x'y" with l(y) =

(&) +1(y").

2. Any 1 # w € W can be uniquely written as w = wy---w, for certain
w; € WA\{1} withi=1,....,n and n > 1 such that l(w) = l(wy) +-- -+ 1(w,)

and w; = (w; - --wy)" for each i where x — x' is as in 1.

Proof. Let x € W. Then &, is biclosed and thus unipedal by part 3 of Proposition

9.2.2, By assumption, ®Z,  is bipedal and so ®, N ®L  is unipedal by part 4 of

9.2.2] Therefore, according to Theorem [9.2.5, we see that &, N @;m = &, for

some ' € W. If y € W with Np,(y) 2 Ni(2), then @, N 0L C o, NOL C D,
Therefore we get that

oy =0, NPL, C P, =D,

and so y = z'y” with I(y) = I(2") + I(y") due to well known properties of the weak
order on (W, S), which can be found in [2]. This proves 1, and 2 follows from 1

inductively. O]

The next proposition shows that the previous theorem holds in many basic

Coxeter systems.

Proposition 9.3.3. Let (W, S) be a Coxeter system, and let m € N.
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1. If (W, S) is finite or affine, then ®Z, is bipedal.

2. If (W, S) is right-angled, that is m(s,s") € {1,2,00} for all (s,s') € S x S,

then ®%, is bipedal.

Proof. 1f (W,S) is finite, then <I>J<:m = ®* for all m € N, and so the result is
trivial. Suppose that (W, S) is affine. Then there is a well-known description of
the root system of (I, S) in terms of the root system, W, of the associated finite
Weyl group, (W°,S5°). We remind the reader of this now (see [24]). We let U
denote the span of ¥, and let A be the simple roots for ¥. We define V' := U +RJ)
to be a vector space with U as a subspace of codimension one. Then, we have

®={a+ndlacV¥; nelZ},

ot :={a+nflac¥t; n>0U{—a+ndlac¥t; n>1},

and IT = AU{d —a} is the set of simple roots for & where a is the highest root for
V. It is well known that every reflection, s,i,s (o € V), is contained in a unique
infinite maximal dihedral reflection subgroup, namely the group generated by
{Sa; S6—a}- It follows from inspection in the dihedral case then that for « € ¥+ we
get h™(Sa4ns) = R®(5_a+(nt1)s) = n. Now, let m € N, and suppose a+ed € Py,
Let Sqies € W' be a dihedral reflection subgroup with Iy = {8 + nd, vy + kd}.
Then, we have o + ed = a( + nd) + b(y + kd) with a,b € Z~y. Therefore,
e = an + bk, and so an + bk < m with a,b € Z~y. This implies that n < m
and k < m, and thus A*(8 + nd) < n < m and h*®(y + kd) < k < m. Hence
[Ty C ®<,, as required.

To show 2, suppose that (W, .S) is right-angled. We know that every dihedral

reflection subgroup either has order 4 or co. Then for any t € T and W' € .,
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with [IW’| = 4, we must have ¢t € x(WW’) and so hayr yw)(t) = 0. Therefore, we

must have

W) = D havawn () = D havawny = h(t).
|W’|6<///t W'e s
W'|=00

Now suppose o € @;m and W' € . Let {B,7} = lws. Then, by previous

statement and the fact that sg <y s, in Bruhat order, we get that
h*(sg) = h(sp) < h(sa) = h*=(sa) < m,

and so 3 € @;m, and similarly for v as required. O

This normal form described by Theorem could be called the m-automatic
normal form for reasons we now describe. Suppose m € Nis fixed. Let p: T — N
be given by p(t) = 1 for all t € T. Then [, = [, and we can construct the m-
canonical automata from Chapter [5, 91,,,. If we input a reduced expression for w €
W in to the automata starting at (m, N,,(1)), we end on the node corresponding
to (m, Ny,(w)). According to the conjecture, there is a unique minimal element
r € W with (m, Ny(z)) = (m, Ny (w)). This element is w;. Then, we repeat this
process with w; 'w and so on until we are finished. Since this normal form comes

from the m-canonical automata, the name is justified.

Remark 9.3.4. Let p be as in Chapter |3| with associated set M. For any m € M,
we can define = {a € | hy,p 1. (52) < m}. Following Conjecture m, it
is reasonable to conjecture that <I>J<:m is balanced (or weaker, bipedal). We include

the following example to show that this is in fact not the case in general.

Example 9.3.5. Let (W, S) be the affine Weyl group of type B,. That is S =
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{r,s,t} with m(r,s) = m(s,t) = 4 and m(r,t) = 2. Due to well known facts,

there are 8 elementary reflections. We list this set below.
To = {r,rsr,srs, s, sts,tst, t,rtstr}.

Now, there are three conjugacy classes of reflections. Define p : T — N3 by
p(u) = (1,0,0) if u is conjugate to r, p(u) = (0,1,0) if u is conjugate to s, and
p(u) = (0,0,1) if u is conjugate to ¢; let I, : W — N* and hw, 4. : T — N? be
the corresponding length and infinite height functions.

Next, let (I>J<’(O 1,0) be as defined in the previous remark. Define
W' := (rstsr,rsrtstrsr, srstsrs, s)

so that x(W') = {rstsr, s}. Then the reflections of W’ have the following infinite

heights: hw,.z.(s) = (0,0,0), hwp s (rstsr) = (1,0,0), hw,. a. (rsrtstrsr) =

(0,1,0), and hw,p, 4. (srstsrs) = (1,0,0). Then clearly, o, gptstrsr € (I)Jgr(o,m) and
rsrtstrsr € W', but qugs € Iy and oy, & @;(07170). Therefore CIDZB’LO) is not

bipedal. We note that (according to Proposition [9.3.3)) this example does not

provide a counterexample to Conjecture (9.3.1]
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CHAPTER 10

HYPERBOLIC COXETER GROUPS

The standard classification of finite reflection groups (or finite Coxeter sys-
tems) and affine Coxeter systems can be found in [23] or [24]. Affine Coxeter
systems are in some natural sense the smallest infinite Coxeter groups (e.g. they
have only polynomial growth, see Chapter . In this chapter, we will consider
the “next” class of infinite Coxeter systems known as hyperbolic Coxeter systems.
There is a very well known, case-by-case, classification of hyperbolic Coxeter sys-
tems, which can be found in [23] chapter 6]. In this chapter, we discuss several
characterizations of hyperbolic Coxeter systems by properties of their Coxeter
graphs. According to [6], it is well known that any irreducible, infinite, non-affine
Coxeter system contains a standard parabolic subsystem that is a hyperbolic Cox-
eter system; however, we could not find a proof in the literature, and the proof of
the characterizations we include allows us to provide a case-free proof of this fact.

For the remainder of this chapter, we will assume that S is a finite set.

10.1 Coxeter Graphs

Fix a Coxeter system, (W,S). We let I' := I'(y,g) be the associated Coxeter
graph; that is, I' is the undirected, labeled graph with vertex set S and edges

(si,s;) whenever m(s;,s;) > 3 and each edge labeled by the corresponding order
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m(si,s;j). To this graph, we associate the matrix of the bilinear form defined in
section . That is, A is a symmetric matrix with A4;; := A, 5, = (a4, ;). We
say that (W,S) is irreducible if I" is connected. For J C S, let I'; be the full
subgraph of I' with vertices corresponding to J. We may abuse notation and say

that s € S — J is connected to J if s is connected to I';.

10.2  Symmetric Matrices and Sylvester’s Law

For any real symmetric matrix over a finite dimensional vector space, we define
the inertia of A to be the triple (a, b, ¢) where a represents the number of positive
eigenvalues of A, b represents the number of negative eigenvalues of A, and ¢ is the
number of zero eigenvalues of A. We will abuse notation and say that a Coxeter
system has inertia (a, b, ¢) if the corresponding matrix A has inertia (a,b,c). We
say that an n X n symmetric matrix A is positive definite if it has inertia (n, 0, 0).
We say that a n x n symmetric matrix is positive semidefinite if it has inertia
(a,0,c), i.e. it has only non-negative eigenvalues. If A is positive definite or
positive semi-definite then we say A is of positive type. We state the following

fact of real symmetric matrices (see for example [22]):

Proposition 10.2.1 (Sylvester’s law of inertia). If A is an n x n real symmetric
matriz with inertia (a,b,c), then A is congruent to the diagonal matric D =

I,&—-1,®0..

10.3 Hyperbolic Coxeter Systems

Let (W,S) be an irreducible Coxeter system with associated graph I' (so '
is connected) and matrix A (representing the bilinear form as in 2.2)). Suppose

S is finite and |S| = n. Following [23], we know that W is finite if and only
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if A is positive definite, that is, if A has inertia (n,0,0). Also, we know that
W is affine if and only if the inertia is (n — 1,0,1). We define an irreducible
Coxeter system to be hyperbolic if it has inertia (n — 1,1,0) and (v,v) < 0
for all v € C := {XA € V| (\,as) > 0 Vs € S}. Also, we have the following

characterization of hyperbolic Coxeter systems:

Proposition 10.3.1. [23, Prop. 6.8] Let (W, S) be an irreducible Cozeter system,
with graph T' and associated bilinear form (—, —) with matriz A. Then (W, S) is

hyperbolic if and only if the following two conditions are satisfied:
1. (=, =) (or equivalently A) is non-degenerate, but not positive definite.

2. For each s € S, the Cozeter graph I, obtained by removing s from T, is of

positive type.

10.4 Non-affine Coxeter Systems

At this point, we prove a quick technical lemma that will be needed in what is to
follow. From this point on, we may use (W, S), W and I' = I'(w,5) interchangeably
to represent the corresponding Coxeter system. There is no confusion in doing this
as every finite rank (W, S) has a corresponding Coxeter graph and every simple
finite, undirected, edge-labeled graph (labels in N>3 U {oo}) gives rise to a finite
rank Coxeter system. We say a graph I' is of finite (resp. affine) type if the

corresponding Coxeter system is finite (resp. affine).

Lemma 10.4.1. Suppose that (W, S) is an infinite, irreducible, non-affine Cozeter
system. Let |S| = n. Suppose that there exists s € S such that the standard
parabolic subsystem (We\(sy,5 \ {s}) is a connected affine Coxeter system. Then
the inertia of (W,S) is (n — 1,1,0).
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Proof. Let (W, S) be as in the statement. Thus, there exists s € S such that
S\ {s} is of connected affine type. By removing another simple reflection s’ we
must get a finite Coxeter system of rank n — 2, and so (W, .S) must have at least
n — 2 positive eigenvalues.

Now, we order S so that S = {s1,..., Sp—1, Sp} where s, = s. Then, we let A’
be the (n — 1) x (n — 1) leading principal minor of the matrix A associated to
(W,S) and I'. Since A’ is the matrix for (Ws\ (4,5 \ {s}) which is of affine type
of rank n — 1, it has inertia (n — 2,0,1) and there exists an isotropic root called
5. Additionally, we know that § = 327" ke, with k; > 0 for all 4 (c.f. [24]). By
Proposition [10.2.1, we know that there exists an invertible matrix C' such that

C"A'C = I,,_5 ® 0,. We can lift this to a matrix D = C @ I; so that

[n—2

[=}

2
3

|
N

where ¢ = (a5, d) and a; € R for all i. Since (W,S) is irreducible, I" is con-
nected and so there exists some i # n such that (as,,as) < 0. Thus by the
characterization of 4 above we see that (as,,0) # 0, i.e. ¢ # 0.

Next, we want to find the determinant of B. To do this, we expand the matrix
along the (n—1)’st row noting that we have to multiply ¢ by —1 due to its position

in the matrix. We thus get that det(B) = —c - det(B’) where

[n—2 O

B = .

al...an_2 C
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Now, we can find the determinant of B’ easily by expanding along the (n — 1)’st
column of B’ (where we will multiply ¢ by +1 due to its position in the matrix.

This gives us that det(B’) = cdet(l,,_5). Putting the results together we see that

det(B) = —cdet(B') = —c*det([,,_3) = —c*.

Since B has at least n—2 positive eigenvalues and it has negative determinant (due
to the fact that ¢ # 0), we know that exactly one of the remaining eigenvalues must
be negative. Indeed, if both were negative or both were positive, the determinant
of B would be positive. Thus B has inertia (n —1,1,0). Using Proposition ,

we can conclude that A must have inertia (n — 1,1,0) as well. O

10.5 A Class of Coxeter Systems

We define a class of Coxeter systems as follows.

Definition 10.5.1. Let H be the class of all irreducible, finite rank, infinite,
non-affine Coxeter systems, (W, S), with Coxeter graph I" such that every proper
subgraph IV C I' is the disjoint union of graphs that are Coxeter graphs of only

finite or affine type.
Lemma 10.5.2. Every hyperbolic Cozxeter system is in H.

Proof. By Proposition [10.3.1| part (2) we see that any hyperbolic Coxeter system
must be in H. In particular, the hyperbolic Coxeter systems are precisely those
in H with inertia (n — 1,1,0). O
10.6 A Smaller Class of Coxeter Systems

We now define a certain subclass of H that will be interesting to study.
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Definition 10.6.1. Let h C H be the class of all Coxeter systems, (W, S), in H
that have I satisfying exactly one of the following (it will be clear that a graph

cannot satisfy both):

(h1) There exists s € S such that I' — {s} is a disjoint union of Coxeter graphs

of finite type.
(h2) T' — {s} is a connected Coxeter graph of affine type for all s € S.

Example 10.6.2. Notice that any infinite rank 3 Coxeter system can be described
by one of the two following graphs (note: we color a vertex o if we intend to refer
to it below):

(@)

. (0)
1 \k i )

oC——®e [ ]

with [ > m > k > 3. For arbitrary m and k, if we remove vertex o from graph
(b) we will be left with the Coxeter graph for a dihedral Coxeter system of order
4. Thus, graph (b) is clearly of type (hl) (provided it is infinite and non-affine).

For graph (a), if k& # oo, then removing vertex o leaves us with the Coxeter
graph for a finite dihedral Coxeter system, and thus (a) is of type (h1) (provided
it is not affine). If k = oo then we necessarily have m = oo and [ = oo. Therefore,
removing any vertex from (a) gives us the graph e >~ e  which is clearly of affine

type. Thus any infinite, non-affine irreducible rank 3 Coxeter system is in h.
Lemma 10.6.3. Any Cozeter system in h is hyperbolic.

Proof. Let (W,S) be in h C H and let |S| = n, i.e. the rank of (W,S) is n. Let T’
be the Coxeter graph of (W, S) and let A be the matrix associated to (—,—) (or

similarly to I').
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Case 1: (W, S) is of type (h1). Then, since there exists s € S such that (Ws_(5,5 —
{s}) is of finite type and so the associated bilinear form and matrix A" must
have inertia (n—1,0,0). Thus A must have at least n—1 positive eigenvalues.
If A has inertia (n,0,0) (resp. (n — 1,0,1)) then (W, S) would be of finite
type (resp. affine type) and thus (W, S) ¢ H, which is a contradiction (since

h C H by definition). Therefore A must have inertia (n — 1,1,0) forcing

(W, S) to be hyperbolic by Proposition [10.3.1}

Case 2: (W, S) is of type (h2). Then since S—{s} is of connected affine type Lemma
10.4.1| implies that the inertia of (W, S) is (n —1,1,0). In particular (—, —)
is non-degenerate. Furthermore, since for each r € S we have I' — {r} is of

positive type, Proposition [10.3.1] implies that (W, S) is hyperbolic.

10.7 Parabolic Subsystems of Non-affine Coxeter Systems

Lemma 10.7.1. Any infinite, irreducible, finite rank, non-affine Coxeter system

(W, S) contains a standard parabolic subsystem in the class H.

Proof. Let (W', S") be a minimal rank, irreducible, infinite, non-affine parabolic
subsystem of (W, .S), which must exist. Then since (W, S’) is minimal rank, if we
remove any vertex s then (Wgsn 4,5\ {s}) cannot contain an infinite, non-affine

parabolic subsystem. Thus, (Wsn (s3,5"\ {s}) must be of finite or affine type. [

10.8 Characterizations of Hyperbolic Coxeter Systems

Lemma 10.8.1. Let (W, S) be in the class H. Then (W, S) is in the class h.
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Proof. Suppose that (W, S) is not of type (h1) and let I' := I's. Then because
(W,S) is in class H, we know that (Ws (s,S5 \ {s}) is of affine type for every
s € S. Suppose that s € S and I'g\(s is not connected. Let I'g,I'y,...,T"; be
the connected components (so n > 1). Now, since I's\ (s is of affine type we can
assume without loss of generality that Iy is of affine type. Then I" = T'g U {s} is
irreducible (since (W, S) is irreducible) and is properly contained in IyU{s}U{s1}
where s; € I'1. Thus I is properly contained in I'. However, [ cannot be of finite
or affine type or else its subgraph I'j would be finite, contradicting that I’y is
affine. Therefore if I'g\ (s} is not connected then I' properly contains I'" which is
infinite and non-affine, contradicting the assumption that (W, S) is in H. Thus,
we have shown that if (W, .S) is not of type (h1), then for every s € S, "\ {s} is

of connected affine type, i.e. (W,S) is of type (h2). O
Theorem 10.8.2. The following hold:

1. The classes h and H both coincide with the class of hyperbolic Coxeter sys-

tems.

2. Any finite rank, irreducible, infinite, non-affine Coxeter system contains a

standard parabolic subsystem of hyperbolic type.

Proof. By Lemma [10.5.2, we know that all hyperbolic Coxeter systems are con-
tained in H. Then, by Lemma we know that H is contained in h (so clearly
h and H are equal). Finally, by Lemma we know that every element of h
is a hyperbolic Coxeter system. Thus we have equality throughout and 1 follows.

For 2, we use part 1 of the theorem just proved along with Lemma [10.7.1} [
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CHAPTER 11

LARGE REFLECTION SUBGROUPS

By a universal Coxeter system, we mean one with no braid relations (the un-
derlying group is a free product of cyclic groups of order 2). The main result
of this chapter is that all irreducible, non-affine Coxeter systems have universal
reflection subgroups of arbitrarily large rank. To prove this, we use the imagi-
nary cone, which was introduced by Dyer ([14]) in order to prove a conjectured
characterization of coverings in dominance order (see Remark [2.5.3). Dyer raised
the question of whether the imaginary cone of an infinite, irreducible, non-affine
Coxeter system can be approximated by imaginary cones of universal reflection
subgroups. We show this is the case for hyperbolic Coxeter groups, and then our
main result follows from Chapter [I0] Many of the auxiliary results in this chapter
can be found in [I5]. Since we will define a few different cones, we need some
terminology regarding convexity and polyhedral cones. For a reference on such

terms, consult [].

11.1 Convex Sets

In this section, we describe our terminology involved with convex sets. Let V'

be a real vector space.

Definition 11.1.1. We say that x is a convex combination of xy,...x,, € V if there

exists A, ..., A, € R such that
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l.x=X a1+ -+ \zp
2. M+ -+ N, =1
3. \; >0 for all 4.

For any set M we call the set of all convex combinations of elements of M the

convex hull of M and we denote it by conv(M).

For any two elements z,y € V', we denote
9] = (A (1— Ay 0< A< 1.
We say a set C' C V is conver if, for all z,y € C (z #vy), [x,y] C C.

11.2 A Metric on Convex Sets

Assume that V is finite dimensional, so that V' = R™. Then V has the usual
distance function as a metricd : V xV — R. Let Y C V and z € V. Define
d(xz,Y) = inf d(z,y) (11.2.1)
yey

Then for any X CV and Y C V', we define

d(X,Y) =supd(z,Y) (11.2.2)
zeX

Definition 11.2.1. Let K := {X C V| X is compact}.

The following proposition can be found in [25] §21 VII].
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Proposition 11.2.2. Consider the distance function defined in (11.2.2)). We
create a new distance function on K given by dx(X,Y) = max{d(X,Y),d(Y, X)}.

Then dg defines a metric on K.

The metric defined above is known as the Hausdorff metric (or Hausdorff

distance).

11.3 Approximation of a Sphere by Polytopes

Now, suppose that S¢ is the d-sphere sitting inside of R*!. We want to show
that S? can be approximated by the boundary of a convex hull of a finite number
of points. For any set A C R", let 0A denote the boundary of A. To make the

previous statement more concrete, we have the following lemma.

Lemma 11.3.1. There exists a sequence of compact, convex sets P, with P,, =
conv({x1, ..., xm }) where {z1, ...,z } C ST and m < oo such that dg (OP,,, S?) — 0

as m — 00, i.e. OP,, — S¢ in the metric space K.

Proof. Let € > 0 be given. Now, for any point z € R4, define %,(z) to be the

open ball of radius a centered at z. Then we define
U:={%B:(2) z € Sy

Clearly S? C Upey U- Since S 4 is compact, we can find a finite open subcover of
U call it U :={Uy,...,Un} (where m = m, is dependent on ).

Now, each Uj; is a ball of radius €/2 centered at z; € S?. Thus, we have a finite
set of points {z1, ..., 7, } C S%. Let P,, := conv({xy, ...,z }). Let OF,, denote the

boundary of P,,.
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Suppose y € 0P,. Now, there exists a minimal set [ := {x;,,...,x; } C
{21, ...,z } such that y € conv({z;,,...,z; } = conv(l) C OPF,. Then, we can
choose a supporting affine hyperplane H of P,, such that I C P, N H. Let H'
and H~ represent the positive and negative half-spaces associated to H. Suppose,
without loss of generality, that P, C H~. Let H' := int(H") and let u be an
outer unit normal vector of H (u points into H"). By assumption, P,, N H' = ()
and so OP,, N H' = () and {1, ...,z,,} N H = (.

Next, for the sake of contradiction, we suppose that d(y, S?) > e. Then let
L = H + $u be the affine hyperplane parallel to H with d(H,L) = § and L C H'.
It follows that S¢ N L+ # (), where L* is the positive half-space associated to L.
Indeed, if STNLT =, then S C L~ and so d(P,,NH, S%) < d(H,L). This would

imply that

Ay, 5 < sup dlw, 8 = (P H,8%) < d(H L) = § <.

zePn,NH

which is not true by assumption. Thus, we let z € S*N L*. Then %< (z) C H'
by construction. However, z € S? so z € U; for some U; € U’ so x; € ‘%75(’2) C H
which is a contradiction. Therefore, d(y, S?) < e.

Since y is arbitrary, we can conclude that d(0P,,,S%) < e. Now, suppose

y € S, then y € U; for some i. Thus,

d(y,0P,) = inf d(y,z) <d(y,x;) < %

ZGBPm

Again, since y is arbitrary, we can conclude that d(S%,0P,,) < 5. Thus we have
determined that di (0P, S?) = max{d(S% 0P,), d(0P,, S} < max{5, e} = e
as desired. [
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11.4  Cones in Coxeter Systems

Recall, for any reflection subgroup W', we let x(W’) be the set of canonical
generators of W’ as a Coxeter system. Then, according to section [2.3| we have a
corresponding set of roots, positive roots, and simple roots for the Coxeter system

(W', x(W")) given by
Py = {Oé c (I)| Sq € W’}, CD+W’ =Py N (I)+, Iy = {Oé S CI)+| Sa € X(W’)}

respectively.
We now introduce several cones that appear inside of the vector space V in-
troduced in section 2.2l For any W’ a reflection subgroup of W, we define the

fundamental chamber for W’ on the vector space V' by
Cw ={v e V| (v,a) >0 for all a € Iy~ }.
Then we denote the Tits cone of W’ by 2w where this is defined by

2w = |J w(@w).

weWw’
In addition to these we define the following:

e/"i/wl = REOHW/ N —ngg QFW/ = U w(t%/wl)

where Zyy is known as the imaginary cone of W’ on V' (we only define it if S is
finite). The definition of the imaginary cone here is taken from [I5], which models

it loosely on one characterization of imaginary cones of Kac-Moody Lie algebras
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([24]). The results we use are analogs for general W of results proved by Kac for
imaginary cones of Kac-Moody Lie algebras (for which, however, the proofs use
imaginary roots, which have no counterpart here). We will refer to €, Zw, £w

and Zy simply by €, 2", % and Z.

11.5 Topology on Rays in Cones

By a ray through v in V' we mean a set {\v| A € Rso}. We let Z denote the
set of rays of V. We can give Z a topology and a metric in the following way. Let
B be compact convex body containing 0 in V', and let 9B denote the boundary of
B. Define the map ¢ : Z — 0B by p(x) = xNIB. It is clear that ¢ is a bijection.
We thus declare ¢ to be a homeomorphism between % and 0B, and this gives Z a
topology and a metric corresponding to 9B in V, with the topology independent
of B. We also introduce the following subsets of Z. Let Z, := {Rsoa| o € T}
and let Zy := %, \ %,. We say a ray, Rxgaq, is positive if (a, ) > 0 and isotropic

if (a, ) = 0. We recall some facts about these sets (both proven in [15]).

Proposition 11.5.1. 1. Z, consists of positive rays and is discrete in the

subspace topology.
2. Ko consists of isotropic rays and is closed in X .
3. Ky 1is the set of limit rays of X, .
In addition, we have the following theorem.
Theorem 11.5.2. The cone & is the conver closure of U, ez, 7Y {0}

This theorem has the following immediate corollary.
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Corollary 11.5.3. If W' is a finitely generated reflection subgroup of W, then
A

Remark 11.5.4. A much stronger fact, proven in [I5], which we will not use, is

that in the situation of the corollary above we actually have 2y C Zy.

11.6  Cones in Hyperbolic Coxeter Systems

Recall that we say (W,.S) is a hyperbolic Coxeter system if the bilinear form
(—,—) on V has inertia (n — 1,1, 0) and every proper standard parabolic Coxeter
system is of finite or affine type (see Chapter .

Suppose we fix a hyperbolic Coxeter system (W,S). We know that V' has
a basis o, ..., %, such that (z;,x;) = 0;;, (x;,z;) = 1 for all i € {1,...,n}, and
(xg,9) = —1. Then, according to [I5], we have (after replacing zo by —zq if
necessary) that

7=Z

where 7 = {37 Nai| Ao > />, A2}

Now, consider the setup as in section [I1.5] Let 2 C Z be the set of rays
spanned by non-zero elements of RsolIl. Since (W, S) is hyperbolic, the bilinear
form is non-degenerate, and thus the interior of ¢ is non-empty (see [15]). Take

p € int(%) so that (p,a) > 0 for all a € II. Therefore, we may define a map

7 : R\ {0} = H :={v e V]| (v,p) =1}

given by 7(v) = v/(p,v). Then the image of 7 is the set P := {v € V| (p,v) = 1},
which is a convex polytope in the affine hyperplane H with points (p, ) '« for

a € I as vertices. From 7, we introduce a map on Z as follows. For r € #Z, we
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let 7(r) = 7(z) for all x € r\ {0} (note 7 is independent of choice of z € r\ {0}).
With terminology from section [L1.5 we may take B so that P C 0B.

Now, we can see that 2 N H is a disk. Also, by Theorem we see that
Z N H = conv (Upem, ) NH.

Lemma 11.6.1. %, is the set of rays in the boundary of Z.

Proof. First, a ray r € %, is isotropic by Proposition [11.5.1, and thus it is in
+0(%)) = £0(Z) due to the description of £ above. However, 7 must also be
in Z,sor€dZ).

For the reverse implication, the statements above imply it is enough to show
that the result is true inside of H, that is the convex hull of limit points of
(images of) roots in H includes the entire boundary sphere of (? = y) nH.
We let the boundary of 2° N H be denoted by S := 97(Z), and we let A :=
T (Conv (Ure% 7“)) Then A is the convex hull of the points | J,¢, 7(r). But then
the statement is clear since S is a sphere and is contained in A since Z N H =

conv (UTE o 7’) NH. So every point in & must also be in A or else we would not have

that the boundary of A is a sphere (which is true since (W, S) is hyperbolic). [

11.7  Universal Coxeter Systems

Suppose we have a hyperbolic Coxeter system (W, S) as in section [11.6] Then
with the same setup there, we know that 2 = £ and intersecting with H we get

that S = 07(%) is a sphere in H.

Lemma 11.7.1. Suppose that x,y € S. Then there exist oy, oy, € ®* such that
T(0w), T(oy) € T (%) are sufficiently close to x and y respectively; furthermore,
ag and oy satisfy (g, o) < —1. In particular, if S" := {54, Sa, } then (W', S") is

an indefinite infinite dihedral reflection subgroup of (W,S) and x(W') = S".
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Proof. Since x,y € S then x and y are limit points of 7(#, ) and therefore we can
find (images of) positive roots arbitrarily close to = and y. Thus, we pick positive
roots o, € ®* and o, € ®* such that 7(a,) and 7(a,) are close enough to z
and y respectively to ensure that {ar(a,) + b7(ay)| a,b € Roo} N(Z N H) # 0.
Again, this is possible since S is a sphere and = and y are two points (z # y)
on the sphere and so the relative interior of the line connecting x and y must be
included in the relative interior of the disk bounded by the sphere which is Z N H.
Now, we pick a point in the interior of the imaginary cone, v = a7 (o) + b7(oy,) €
int(Z NH)Cint(2) with a,b € Rog. Then (v,v) < 0 necessarily and so (—, —)
restricted to Span{a,, o, } cannot be of finite type or affine type. Thus, (W', 5")
cannot be a finite dihedral subgroup. Therefore, we see that |(cw, oy )| > 1. Now
if (o, ) > 1 then by [, Proposition 2.2] (and without loss of generality) we
must have o, dominates «,. However, this is impossible since, by investigation
of dominance in infinite dihedral groups ([14]), we know that a, can dominate «,
only if oy, ] N 2y = 0, which is not the case here. Thus, (ay,a,) < —1 and
50 S" = {54, 5q, } s the canonical set of generators for the infinite dihedral group

generated by S, (W', 5"). O

Now, by Lemma recall that for arbitrary m we can find m points
{z1,...;xym} C S such that P, := conv{zy,...,x,} along with the property that
di(Pm,S) — 0 as m — oco. Then, by Lemma [I1.7.1] above, since m is finite, we
can find a,, € ®* with 7(ay,) sufficiently close to x; such that S} ; := {Sau,s Sau, }
is the set of canonical generators for the (infinite) dihedral group it generates,

(Wi;,8;;). Now, let S := {sq, , s Sa,, } and W' be the reflection subgroup

generated by S’

Proposition 11.7.2. Then (W’ S") is a universal Coxeter system with x(W') =
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S’

Proof. Consider the Coxeter system (W', S”). Then by [19, Proposition 3.5], S’ =
x(W') if and only if {s,s'} = x((s,s')) for all s,s" € S" and this follows from
Lemma [11.7.1} Finally, since m(s,s’) = oo for all s # s € S’ then (W', 5’) is a

universal Coxeter system. m

11.8 Large Reflection Subgroups

With the terminology as in section [11.6] we have H containing P. Thus, we
can view 7(Z) as a subset of P. Additionally, we can view any subset of %y as a
subset of P. Thus, we will abuse notation by defining dx on any compact subset

of %11 in the following way: for X|Y C Zn, dx(X,Y) = dg(7(X),7(Y)). We put

the previous results together to obtain the following result.

Proposition 11.8.1. Suppose (W, .S) is hyperbolic. There exists a sequence of fi-
nite rank, universal reflection subgroups, (W) ,S! ), of W with dK(RZOHW;n,?) —

0 asm — oo and dg(Zw:, Z) — 0 as m — .

Proof. Let € > 0 be given. Then we can pick m large enough so that dg (P,,,S) <
€/2 by Lemma where P, = conv{zy,...,z,,} for some {zy,...,x,} C S.
Thus, dg (P, Z N H) < ¢/2. According to Lemma and the discussion
before it, we can choose {a,,, ..., s, } C @1 so that 7(ay,) is sufficiently close to
z; (in particular so that dg(7(aw,), ;) < €/2) with the property that (W, ,S! ) is
a universal Coxeter system where S}, = {sq, ,+; Sa,,, } and W, = (S],). Now, let

Qm = conv{7(ay, ), ..., 7(az,)}. Then @, = Rxolly, N H and dg(Qm, Pn) < €/2
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since dg (T(aw,), x;) < €/2 (by assumption above). Therefore, we see that

dK(RZOHWU?) = dK(an?m H)

=dg(Qm, Pn) + d (P, S) < €/2+¢€/2 =¢

as desired. It remains to show that we can take dK(.ffWT/n,§) — 0 also.

We temporarily fix i # j. Then since (ay,, a,,) < —1, we have

)y = {2 € Rypay, + Rxoay,| (2,2) <0}

<5aaci Sag;

= R2055E¢,5E]‘ + Rzoﬁxj,xi

(which is a two-dimensional cone) for some isotropic linearly independent vectors
Beiw; and Bg, .. We choose our previous notation so that £, ., € Rypam, +
RZOsz,zi and 5%,% S REOBxi,xj =+ Rzoaxj-

Then, from [14], since (s, , s%j> is dihedral, we have

VA Zn (Rzoal‘i + RZOO%J) .

<Sazi asaz]

Thus, 7(84,..,) and 7(8,,.,) are the points given by the intersection

[T(O‘xi)aT(axg')] ns = {T(ﬁxi@j)’ T(ﬁrg’,xi)}'
This implies that we can choose a,,; and «; so that all of the following hold:

d(T(0g,), z;) < €/4 d (T(0g;), 75) < €/4
dK(T(Bxi,xj)u xz) < 6/4 dK(T(ij,ri>7‘rj> < 6/4

(11.8.1)
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Next, by Corollary [11.5.3] we know that

for all pairs 7 # j. Each of these are convex cones, and so we also have
ZRzo (Rzoﬂxi,mj + Rzoﬁxj,xi) CZw CZ. (11.8.2)
i#]

Now, let € > 0. We choose m large enough and «y,, ..., o, sufficiently close to
T1, ..., Ty, respectively so that ([11.8.1)) holds and so that dK(RZOHWT/n,g) < €/2
where W), = (Sa,,; -+ Sa,,,) (Which is possible by the first part of the proposition).
Then (11.8.1)) implies that dg (cw,, B,.2;) < €/2 for all j # i so that

dK([T(/Bxi7xj)7 T(/ij7$i)]’ [T(as,), T(O‘xj)]) <e€/2

and thus

DN ™

dx (Z (R>082;,0; + R>0B4;.2:) 7ZR2004:%> <

i k=1

Together, since 2?21 R>oa, = Ryollyy , we get that

dK (Z (RZOBa:i,ac]- + Rzoﬁmjwi) 7?) S

i#]

d (Z (Rzoﬂxi,mj + Rzoﬁmj,xi) 7ZR20aark> + dK(RZOHWT’n,?) < % + % = e

i k=1

Then, equation (11.8.2)) implies that dx(Zw: , Z°) < € as well, finishing the proof.
0

The next theorem follows from the previous propositions and Chapter [10]
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Theorem 11.8.2. Let (W,S) be a finite rank, irreducible, infinite, non-affine
Coxeter system. Then, for any m € N, W contains a reflection subgroup W' with

IX(W")| = m such that (W', x(W")) is a universal Cozxeter system.

Proof. Let m € N. By Theorem [10.8.2) (W, S) contains a hyperbolic parabolic
subsystem (W, J). By Proposition [11.7.2] we have that (W}, J) contains a uni-
versal Coxeter system (W’ S") of rank m and thus (W, S) also contains (W', S")

proving the theorem. O
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CHAPTER 12

EXPONENTIAL GROWTH IN COXETER GROUPS

For any finitely generated group, we can define the growth function of the group
by determining the number of elements of the group of all lengths (with respect
to the generating set). In [0], de la Harpe demonstrates that irreducible, infinite,
non-affine Coxeter systems have what is known as exponential growth by showing
that any such Coxeter system must contain a free non-abelian subgroup. Also, in
[27], Margulis and Vinberg prove the stronger result that such a W must contain
a finite index subgroup which surjects onto a non-abelian free group. Finite and
affine Coxeter systems are known to have polynomial growth.

Even more recently, in [29], Viswanath uses an alternate method to show that
any irreducible, infinite, non-affine simply-laced Coxeter system has exponential
growth. He also obtains the stronger result that for such a system (W,S) and
any J C S the quotient W/W; also has exponential growth. His method involves
finding a particular universal rank 3 reflection subgroup inside of (W, S). In [29,
Remark 3], the author notes that it would be interesting to know if this result
holds in the non-simply laced case as well. We intend to answer this question

using our results from the previous two chapters.
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12.1 Growth Types

To begin with, we introduce the basic notions of growth types in finitely gen-
erated groups. Let (W, S) be a finitely generated Coxeter system. We follow [7]

or [29] for general terminology and results.

Definition 12.1.1. Let a := (ax)r>0 be a sequence of non-decreasing natural
numbers. We define the exponential growth rate of the sequence to be w(a) :=

I 1/k
Im supy,_, ., a; -

For each k € N, we define a subset W<y, := {w € W| l[(w) < k}. Then, for any
subset F' C W with 1 € F', we define F<;, := F'NW<;,. Finally, for any £ € N and
F C W, we define the number vy, := |F<;| and the sequence vp = (Yrk)r>o0-
Then, let w(F) := w(yr) = limsup,_, 7;/,]:

Then, we say that a subset F' has exponential growth if w(F') > 1 and subex-
ponential growth otherwise. If a subset F' has subexponential growth, and there is
C € Rypand d € Zso with ypy < Ck? for all k > 0, then we say F' has polynomial
growth. If F is of subexponential growth and not of polynomial growth, F has
intermediate growth.

We note that if P(F,W) =", pu™ = > kso aku” is the Poincaré series of

F', then the coefficients ay, = ypr — Yrr—1 for k > 1 and ag = vryo.

12.2  Properties of W3,

The proof that quotients have exponential growth requires some properties of
the universal Coxeter system W) = (a,b,c| a®* = b = ¢ = 1) with Coxeter

diagram
e—0

[ ]
(e%9) \oo
o)
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These properties are all known and listed in [29], but we remind the reader here
for completeness.

W(s) has the following properties:

1. The Poincaré series of Wiz is P(W(z)) = -4L.

2. Each w € W(3) has a unique reduced expression.

3. The conjugacy classes of a, b, and ¢ are all distinct.

4. For o # y € W)/ (Wis))(a = W({;;}, we know that xaz™' # yay~'. Also,

P(W({ZS} W) = P(%g”) = ﬁ so there are exactly 2% elements z € Wé‘;}

with [(z) = k. For each such z, we have l[(zaz™') < 2I(z) + 1 = 2k + 1.

5. Property 4 implies that for & > 0 there are more than 2* elements t €

{war~'| z € WS} with I(t) < 2k + 1.

6. For any reflection t € {xaz™!| z € W({;;}}, properties 2 and 3 imply that a

appears in any reduced expression for t.

12.3  Parabolic Quotients
We now prove a generalization of [29, Theorem 1].

Theorem 12.3.1. Let (W, S) be an irreducible, infinite, non-affine Coxeter sys-

tem. Then for all J C S, W7 = W/W; has exponential growth.

Our proof is similar to the one found in [29], however, we need to make some
changes so that proof works for all Coxeter systems (as opposed to only simply-
laced Coxeter systems).

We first recall an important result due to Deodhar, [9].
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Theorem 12.3.2. Let (W, S) be a Coxeter system, T the set of reflections, and
J CS. Ifty,te € T\ Wy with ty # to, then t4W; # t; W, that is, distinct

reflections in T \ W lie in distinct left cosets of W .

According to [29], to prove Theorem [12.3.1] we need to prove the following

proposition.

Proposition 12.3.3. Let (W, S) be an irreducible, infinite, non-affine Cozeter
system and let J C S. Then there exists M € N such that for all k > 0 there are

at least 2% elements t € T\ Wy such that I[(t) < M(2k + 1).

If this proposition holds, Theorem [12.3.1| holds by the same argument given in
[29].

12.4  Proof of Proposition [12.3.3

Proof. For all x € W, any reduced expression for x uses the same simple reflec-
tions. We write supp(z) = {r € S| r appears in all reduced expression for x}. It
is also well known that z € W if and only if supp(z) C J.

Now, let (W, S) be an irreducible, infinite, non-affine Coxeter system and let
s’ & J. According to Theorem [11.8.2] (W, S) contains a reflection subgroup W’
such that W' = Wsy. Suppose x(W') = {t1,12,t3}. Without loss of generality,
we may assume that s’ € supp(t;). Indeed, if s’ & supp(t;) for all i, then let
Z C S be the smallest subset such that W’ C Wj. Then, take a minimal path
s =8, — 8,1 — -+ — 81 — z in the Coxeter diagram with s; € Z for all i and
z € Z; let the word corresponding to the path be x = s1---s, € W, and by

reordering we assume z € supp(t;). Now, we define a sequence of reflections in

the following way. Let g = t; and r; = s; -« - s1t181 -+ - s; foralli > 1. Let o, € T
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be the root corresponding to r;. Now, since ({s1,...,s,1} U Z) N ({s;}) = 0 for
all ¢ > 1 and s; is connected to s;_1, we have (o, ,, ) < 0 for all i and so
I(r;) = l(r;_1) + 2 for all ¢ > 1. This implies that [(x7't,x) = 2l(x) + (ty);
hence, s’ = s,, € supp(z~'tx). Then, zW’z~! is a Coxeter system, isomorphic to
Wiy with x(aW'z™t) = {ata™! wtox™ xtsa™} = {t],th, ¢4} with s’ € supp(t})
as required.

Next, by the properties listed in Section [12.2] we know that there are at least
2% elements t € W' N T such that {7 (t) < 2k + 1 such that ¢; € supp(t).
Define M := max{l(t;),(t2),1(t3)}. Then, we have I(w) < Ml ) (w)) for
all w € W’. This implies that for each t € W'NT above, we have [(t) < M (2k+1).

For each t € W/ NT described above, t; appears in a reduced expression for ¢;
in terms of roots this means o; = Z?Zl ¢y, with ¢; > 0. Since s € supp(t;), we
have ay, = ) ¢ csa with ¢y > 0. Therefore, it follows that ay = Y ¢ dso, with
dy > 0 so that s’ € supp(t). Thus, we have t ¢ W;. This implies that t € T'\ W.
Therefore, by Theorem , we get that there are at least 2% elements t € T\ W

such that {(t) < M(2k + 1). The proposition follows. O
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