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Abstract

Definitions and methods used in proving theorems of measure theory
within second-order arithmetic differ from those in standard mathematical
practice. Furthermore, it is often possible to give multiple definitions of a
term, so the question presents itself of which ones to use. In this paper we
address some of these issues. We discuss definitions of L, spaces and of
products and powers within these spaces, as well as their properties. It is
argued that the class of essentially bounded functions is especially conve-
nient to work with. We also prove some classical results such as Hélder’s
inequality, a stronger version of the monotone convergence theorem and
Fatou’s lemma.

1 Preliminaries

The classical theory of measure is highly nonconstructive. Bishop and Bridges
state in [2]:

Any constructive approach to mathematics will find a crucial test in
its ability to assimilate the intricate body of mathematical thought
called measure theory, or the theory of integration.

Simpson writes in [7], X.1:

Historically, the subject of measure theory developed hand in hand
with the nonconstructive, set-theoretic approach to mathematics.. . .
Although Reverse Mathematics is quite different from Bishop-style
constructivism, we see that Bishop’s remark raises an interesting
question: Which nonconstructive set existence axioms are meeded
for measure theory?



This paper partially answers that question.

The main goal of reverse mathematics is twofold: to prove theorems of count-
able (non set-theoretic) mathematics within second-order arithmetic, and to de-
termine the exact strength of axioms used in the proofs. The motivation for this
approach is primarily foundational, though it should be noted that it also pro-
vides insight into the structure and complexity of proofs and the mathematical
concepts involved.

I will assume that the reader is familiar with the underlying framework,
and will provide only those definitions that are particularly pertinent to the
rest of the paper, or those not found in other literature. For a more detailed
general account of the subject, consult Simpson’s monograph [7]. Simpson and
his students (principally Yu), have done a significant amount of work in measure
theory. These results can be found in [3], [11], [9], [10]. All results presented
below can be found in [6].

The language of second-order arithmetic is two-sorted, consisting of two
types of variables: number and set variables. The former are intended to range
over natural numbers, and the latter over sets of natural numbers. Full second-
order arithmetic consists of basic axioms (propositional logic and axioms for an
ordered semiring), the induction axiom and the comprehension scheme

X Vn (n € X < ¢(n))

where ¢ is any formula of the language in which X doesn’t occur freely. In most
cases full comprehension is more than is needed to prove a theorem, and can
be replaced with weaker set existence axioms. This yields different subsystems
of second-order arithmetic. Conveniently, six suffice to prove most theorems of
countable mathematics. In this paper, we will only need three:

e [RCA(]. Basic axioms, plus ¥; induction and A; comprehension.

o [WWKLg]. RCAy, plus weak-weak Konig’s Lemma (WWKL): if T is a
subtree of 2<N with no infinite path, then lim,, w =0.
e [ACAy]. RCAq plus arithmetic comprehension axiom (ACA).

ACAy is a natural system to work with in measure theory, as it provides us with
least upper bounds and greatest lower bounds of sequences, assuring existence
of measure for countable unions and intersections of integrable sets. However,
WWAKLg turns out to be sufficient for a large portion of discourse about inte-
grable functions, and if one is careful with definitions, it is possible to do a
significant amount of work even in RCAg. In fact, it is usually possible to for-
malize standard definitions or find equivalent ones in this system. Though it can
sometimes be shown that desired properties of these definitions hold in RCAg,
it is oftentimes necessary to reason about pointwise properties of functions, and
in those cases stronger axioms, like (WWKL) or (ACA) are employed.

In reverse mathematics, we are also interested in reversals of theorems: the-
orems are shown to be logically equivalent to set existence axioms. For our
purposes, we will only need the following characterization.



Proposition 1.1 (RCAg) The following statements are equivalent:
1. Every increasing sequence (an) of real numbers in [0,1] has a limit.

b; <

2. If (by,) is any sequence of nonnegative reals such that for eachn, >
1, then ), by, exists.

3. (ACA).

<n

Unless otherwise specified, all definitions are in RCAg. Keep in mind that,
due to the nature of the language, all objects considered are countable or are
completions of countable objects, and are coded with natural numbers. That
is, all the objects we deal with are actually codes for those objects.

A (code for a) complete separable metric space Ais presented as a nonempty
set A C N together with a sequence of real numbers A x A — R such that

d(a,a) =0, d(a,b) =d(b,a), d(a,b)+d(b,c)>d(a,c)

for a,b,c € A.

A point of A is a sequence (a, | n € N) such that d(an,an) < 2°™ for
m < n. If a and b are two points in A, given as a = (a,) and b = (b,),
then d(a,b) = lim, d(a,,b,), and two points a and b are considered equal if
d(a,b) = 0, hence d is a metric on A. Each a € A is identified with the point
(a|neN)eA, and A is dense in A.

A compact metric space is a complete separable metric space A such that for
each j € N there is an 27 "-net of points from A.

A countable vector space A over a countable field K consists of a set |A| C N
with operations + : |A| x |[A] — |A| and - : |K| X |A| — |A], and a distinguished
element 0 € |A| such that (|A[,+,) satisfies the usual properties of a vector
space over K.

A (code for a) separable Banach space A consists of a countable vector space
A over Q together with a sequence of real numbers || - || : A — R such that

1. |lg-al =|ql|la| for all g € Q and a € A,
2. lla+ 0| < |lal| + ||b]| for all a,b € A.

A point of A is a sequence (a,, | n € N) of points in A such that ||a,, — a,|| <
27™ for all m < n. The function d(a,b) = |ja — b|| is a pseudometric on A.
When d is be extended to all of A, and two points identified if d(a,b) = 0, the
resulting space is a complete separable normed space.

Let X be a compact metric space. The Banach space C(X), elements of
which are functions with a modulus of uniform continuity, is the completion of
the countable set S(X) of simple functions over X under the sup norm. More



precisely, let X = A and d a metric on X. Let B = A x Qt x Q. Each
b= (a,r,s) € B is intended to represent a function ¢ as follows:

1 d(a,z) <z
op(z) = % s<d(a,z)<r
0 d(a,z) >r.

Define C = Q x B. If ¢ = {(q1,b1),--.(qn,bn)} is a finite subset of C, define
¢.: X — R by ¢c(x) = ZZ:1 Qk¢bk (I)

Let S(X) = {¢| ¢ is a finite subset of C'}. Finally, C(X) = S(X) under the
sup norm given by [|c]| = sup, ¢ x |6.(x).

The elements of S(X) will be referred to as simple functions, disregarding
the distinction between functions and their codes, as is customary when working
in second-order arithmetic. Notice that elements of C(X) are bounded, i.e. if
f € C(X), then there is some constant M; € R such that |f(z)| < My for all z.

If X is a compact metric space, a Borel measure p is a nonnegative bounded
linear functional p : C(X) — R such that p(1) = 1.
In the case X = [0, 1], a natural interpretation for u is the Lebesgue measure,

where for f € C([0,1]), u(f) = [y f(z)da.

An open set O is presented as the union of a countable sequence of balls,
with rational radii, centered at points in A. A closed set is presented as the
complement of an open set. A Gs set is coded with a sequence of open sets
(meaning that it is the intersection of this sequence). It can be assumed that
this sequence is decreasing. Let G be a G5 set coded with a sequence (U,). If
w(Uy) < 27" for all n, then G is a null G5 set. The complement of a null G
set is a full F, set. Almost everywhere convergence is defined as convergence
outside of a null G set (or equivalently, convergence on a full F, set).

If M is a Borel set of finite rank, ACAg proves that there exists a Gs set
G such that M C G and pu(G \ M) = 0. This implies that every null set that
is “simple enough”, that is, at a low level in the Borel hierarchy, is contained
in a null Gs set. This will allow us to prove a.e. convergence of a sequence
of functions even if the set on which the sequence converges is not F,. The
fact follows immediately from Yu’s observation in [9] that ACA proves measure
for Borel sets of finite rank to be well-defined and regular. For, if u(M) =
inf{u(U) | M C U and U is open}, then there exists a sequence U, of open sets
such that M C U, and p(U,) < p(M) + 2= for all n. The set G = N, U, is
the required Gy set.

To discuss integrable functions, we utilize an approach similar to Bishop’s,
modifying the axioms for the Daniell integral. Functions are basic objects.

Let p > 1 be a real number and X a compact metric space.

The Banach space L,(X) is the completion of S(X) under the L, norm:
1 fll, = w(|f[P)/P. A function f € L,(X) is a strong Cauchy sequence with
respect to the norm of functions in S(X). In other words, f = (f, | n € N) and
| fn = frllp < 27™ for n > m. It is convenient to sometimes assume that the
(fn) is a sequence of functions in C(X) and not S(X).



The definition works for all real p > 1, though this fact is not obvious when p
is not a natural number. It can be shown that if f € S(X), then |f|? € C(X) by
showing it has a modulus of uniform continuity, so the definition above makes
sense. The case of special interest is when p = 1: the elements of Li(X) are
called integrable functions. We sometimes write p(f) = [ fdu and usually omit
the subscript in the norm. It is important to point out the following result,
which can be found in [9] and [3].

Proposition 1.2 (WWKLg) If f is an element of L1(X), represented as (fr),
then f(x) is defined a.e. and is equal to lim f,(x).

This proposition explains why a large portion of our work goes through in
WWAKLyg: to discuss pointwise properties of integrable functions, ( WWKL) often
suffices. It will later be shown that L,(X) C Ly(X) for all p > 1, so elements
of all L, spaces are pointwise defined in WWKL,.

The classical notion of “measurable” doesn’t lend itself to characterization
by means of Cauchy sequences, and can, in fact, be bypassed all together.

The following statements will be used in a number of results below. The
proof of this proposition can be found in [10]:

Proposition 1.3 (WWKLg) For f, f' € L1(X) the following properties hold:
L f=f=0if and only if f = f' a.e.
o IF 1< [ ae, then ju(f) < plf").

From now on, “f = gin L1(X)” and “f = g a.e.”’
when the underlying system is WWKLgy or ACA,.

It is important to keep in mind that functions in L,(X) are elements of a
Banach space. Their pointwise properties are not known in RCAg and f = g
means, by definition, equality in the normed space: f =g < ||f —g|l, = 0.
Also, as functions are given via representations, it is sometimes necessary to
ask the question whether a result or property depends on the sequence that
represents the function; independence of representations is an important factor
in determining the validity of definitions.

If f,g € L,(X), then it is possible to define max(f,¢) and min(f,g). The
former is represented as (max(f,,g,)) and the latter as (min(f,,g,)) and it
is easily shown that they are elements of the space L,(X). Furthermore, if
f=f and g = ¢, then max(f,g) = max(f’,¢’) and min(f,g) = min(f’, ¢’).
In particular, for f € L,(X), we can define f* = max(f,0), represented as
(max(fn,0)), and f~ = max(—f,0), with the representation (max(—f,,0)). It
immediately follows (in RCAq) that f*,f~ € L,(z) and f = fT — f~. As
|fl = f*+ f~, |f] is integrable whenever f is.

" will be used interchangeably

The following definitions are substitutes in RCAq for the usual, pointwise
definitions of properties in question.

A function f € L,(X) is nonnegative if |f| = f in L,(X).



e Equivalently, f is nonnegative if and only if f = f* if and only if f~ = 0.

e [RCAg]: It can be assumed that if (f,,) is a nonnegative function, then
fn(z) > 0 for all n and all x, because otherwise f,, can be replaced by f,.

e [WWKLg]: A function f is nonnegative in the sense defined above if and
only if f(x) >0 a.e.

Similarly, the > relation between two functions in L,(X) can be introduced
in RCAq: given two functions f and g in L,(X), f > g if and only if max(f,g) =
!

e Equivalently, f > ¢ if and only if min(f, g) = g.

e [RCAq]: f>gifandonlyif |f—g|= f—gifand onlyif (f—g)" = (f—g)
if and only if (f —¢g)” =0since f > g« f—g>0.

o [WWKLg]: The ordering defined above coincides with the usual, pointwise
ordering a.e.

It is also possible to define f < g as =(f > g).

2 Essentially bounded functions

To discuss products of functions it is necessary to consider a class of functions
that is closed under products and powers: these are essentially bounded func-
tions. They correspond to the classical space L., whose elements are measurable
functions such that for some M € R, [f(z)| < M a.e. Because we do not deal
with measurable functions, the definition will be slightly modified. Instead of the
entire space Lo (X), we are only interested in the functions in L,(X) N Le (X)
which can be characterized with the following definition:

Definition 2.1 (RCAy) A function f € L,(X) is said to be essentially bounded
if |f| £ M for some M € RY.

We think of M above as the constant function M, and then interpret |f| < M
in the sense of the definition of the < relation.

Another convenient characterization is this: f is essentially bounded if and
only if f = max(min(f, M),—M) for some M € R*.

We will write “f € L, 5o (X)” to mean “f is an essentially bounded function
in L,(X).”

Proposition 2.2 (RCAg) If the function f is essentially bounded, and repre-
sented as (fyn), where each f, is a simple function, then there exists a constant
M with | fn| < M for all n.



Proof. Let f be represented with (f,). Let M be the bound for f. Then f =
max(min(f, M), —M), and the right-hand side of this expression is represented
as (max(min(f,, M), —M)). This exactly means that every |f,| is bounded by
M, as required. O

The following properties also hold:

e [RCA(] If one representation of a function is essentially bounded, all repre-
sentations are, and with the same bound, since if f = g, then max(f, M) =
max(g, M) and min(f, M) = min(g, M).

e [RCAg] Classically, since X is a finite measure space, Loo(X) C L,(X)
for all p > 1, and therefore L, = L. Although in our framework
Lo (X) has no meaning, we will be able to show later, in Section 6, that
Ly o = Lg,oc for all p, g > 1, which essentially amounts to the same thing:
every Ly oo(X) consists of the classically essentially bounded functions,
which the next item also confirms.

o [WWHKLy]: The definition above is equivalent to the usual characterization
of essential boundedness, since

Vi |fol <M = Vn |fo(z)| < M — |f(z) < M

for almost all . The other direction follows from Proposition 1.3.

3 Characteristic functions and integrable sets

The definition of characteristic function found in [7] is made in WWKLy because
it presupposes that functions are defined a.e. We first give this definition, and
then show how it can be modified to make sense in RCA,.

Definition 3.1 (WWKLg) A function f € L1(X) is a characteristic function if
f(z) € {0,1} a.e. A code for an integrable set E with respect to the measure
on X is defined to be a corresponding characteristic function and u(E) = u(f).

In WWKLp, a characteristic function defined in such a way is essentially
bounded: 0 < ya < 1. Because of this, x4 € L;(X) (this will be proved in
Lemma 5.3); also, x4 (z) = xa(z) for every = in the domain. Moreover, if f is
any function such that f2 = f, then f > 0 and it follows that (1 — f)2 =1 — f,
sol—f>0,or f<1.

This motivates the following definition:

Definition 3.2 (RCAy) A function f € L1(X) is a characteristic function if
fr=.

The definition of integrable sets remains the same as in 3.1.

Proposition 3.3 (WWKLy) Definitions 3.1 and 3.2 coincide.



Proof. One direction is the previous fact. The other follows from Proposition 1.3:
f? = fif and only if f2(x) = f(x) a.e. The latter means that there is an F, set
F = U,C, on which f?(x) = f(x), which is equivalent to saying f(z) € {0,1}
forall x € F. g

Integrable sets are identified with their characteristic functions. When work-
ing in WWKLg, where integrable functions are pointwise defined a.e, given a
characteristic function f, we can define membership in the corresponding set A:
x€ A f(x)=1

The complement A of an integrable set A is integrable, since if f is a charac-
teristic function of A, then a characteristic function of A is 1 — f. Similarly, if A
and B are integrable sets with characteristic functions f; and fs, characteristic
functions for AUB and AN B are respectively max(f1, f2) and min(f1, f2). It is
not difficult to show that the characteristic function for AN B can equivalently
be written as f1 - fo and the characteristic function for AU B as f1 + fo — f1 - fa-
To show that these functions really correspond to complements, unions and
intersections, (WWKL) is needed.

Finite unions and intersections can be shown to be integrable in RCAq, but
(ACA) is needed for the infinite case. If f, is the characteristic function of
Ay, then the characteristic function of U,A,, is sup,, fn, and the characteris-
tic function of N, A, is inf, f,. Suprema and infima of integrable functions
are themselves integrable (see [6]), and it is not difficult to show (in WWKLy,
provided they exist) that suprema and infima of characteristic functions are
characteristic functions themselves.

4 Defining power functions

A number of proofs below will use properties of derivatives of power functions.
The purpose of this section is not to give detailed proofs of these facts, but only
to convince the reader that in RCAg power functions are well-defined and that
basic laws of differentiation hold, along with some other simple results from
calculus. The motivation from Bishop’s work [1, 2], and, more importantly,
from Schwichtenberg, who worked out most of these issues constructively in [5].
Most technical details of proofs will be omitted. Assume throughout that the
underlying system is RCAq.

Standard calculus and analysis textbooks define power functions via expo-
nentiation, i.e. #P = eP'* for all x > 0. This is the approach that we will also
take, but first we need to show that e* and Inz (when x > 0) are continuous
functions.

Based on Lemma II.6.5. in [7], power series give rise to continuous functions,
so e can be defined as the sum of the series Y % Schwichtenberg (in [5])
defines Inx = flz % dt, for x > 0. This integration is permitted in RCAq, because
% has a modulus of uniform continuity on all closed intervals [a,b], with a > 0
(see [7], Lemma IV.2.6).



A function obtained via integration is continuous and differentiable (defi-
nition of derivatives will follow below), hence Inx is continuous for all = > 0.
Furthermore, the reader can find a proof in [5] that Inz thus defined has the
usual properties and that ¢” and Inx are inverse to each other.

Therefore, when x > 0, the function f(z) = eP™% as a composition of
continuous functions is itself continuous ([7], Lemma I11.6.4) and we let aP =
e Standard properties of power functions can be shown, for example that
aPtd = zP . 29 and (2P)? = zP9 (and in particular, (zP)'/? = z). Also, if p € N,
AP =g

This geﬁnition only works for x > 0. However, this is easily fixed, by
augmenting the code for zP as a continuous function for all z > 0 (which,
according to definition of continuous functions, means that there is a sequence
of quintuples that codes it) with a countable number of conditions specifying
that 0 — 0. The result will be a code for another continuous function, the
function z? for all nonnegative numbers.

Another useful fact can be shown: suppose p is an arbitrary real number,
hence represented as the limit of a strong Cauchy sequence. Then xP = lim,, P~
when x > 0 (the fact is immediate when = 0).

We use the following definition of derivative, first given by Bishop. Notice
that the rate of convergence is computable.

Let f and g be continuous functions on a compact proper interval I and
0 : Q — Q such that for each ¢ there exists d(¢) > 0 with

If(y) — f(@) —g(z)(y — 2)| <ely — =

whenever z,y € I and |y — 2| < §(e). Then f is differentiable on the interior of
I and f'(z) = g(z) for all z in the domain.

With this definition, the following can be proved:
Proposition 4.1 1. (fi + f2) = f1 + f3.
2. (fife) = fife+ fifs.

5. dr =1,
4. % =0.
5. (gof) =g NI

The proof of this proposition can be found in [2] and is constructive, applying
almost word for word in RCA,.
The following statements about power functions will be used in Section 6.

Lemma 4.2 (RCAp) 1. The inequality ab < %—&—% holds for all nonnegative
real numbers a and b. (6.1)

2. The inequality |z — y|P < |zP — yP| holds for all x and y. (6.2)



3. The inequality |zP — yP| < p|(z — y)(xP~! + yP~1)| is true for all real
andy. (6.2)

4. For all z,y € R, and ¢ > p, y?/? > %xq;pp(y — )+ 297, (6.3)
To prove Lemma 4.2, a number of facts are needed.

Proposition 4.3 The function f(x) = xP is differentiable for all real numbers
p and f'(x) = paP~ 1.

Proof. If p is a natural number, this is proved by induction, using the product
rule. The base case is item 3. in Proposition 4.1. If p is rational, the result is
provided by the chain rule. Finally, if p is an arbitrary real number,

(a7) = (e'ney = Zertne = par=,

by another application of the chain rule and by properties of exponents and
logarithms. O

Proposition 4.4 The function f(x) = aP is convex for all p > 1, that is, it is
above its tangent line at every point.

Proof. The standard proof that if f”/ > 0, then f is convex, applies. It is easy
to see that when p > 1, (2P)” =p(p—1)zP~2 > 0. O

Proposition 4.5 The mean value theorem for x®: for every x and y there is a

& between them such that % = qa&* 1.
T—y

Proof. The general form of the mean value theorem was proved by Hardin and
Velleman in [4]. O

Proposition 4.6 If f is differentiable at x and f'(x) > 0, then f is increas-
ing in some neighborhood of xz; if f'(x) < 0, f is decreasing; consequently,
if f'(xo) =0, f'(x) < 0 (resp. f'(z) > 0) for all x < zo and f'(x) > 0
(resp. f'(x) <0) for all x > xg, then f(xo) is the absolute minimum (resp. ab-
solute mazimum) of f.

Proof. If f'(x) > 0, then based on properties of limits and continuous functions,
there is some neighborhood of x for which mi%i(y) > 0. This means that for

y < z in that neighborhood, f(z) > f(y) and for y > z, f(z) < f(y) as required.
Other facts are shown similarly. O

With these facts, the proof of Proposition 4.2 is standard and omitted here
(but can be found in [6]).
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5 Products and Powers in L, Spaces

Giving a meaningful, viable definition of products and powers of elements of
L,(X) may seem like an innocuous problem at first, but many difficulties sur-
round it, as we will show below. Even in classical measure theory, a product of
integrable functions is not necessarily integrable, so we have to be very careful
in finding the proper characterization of this concept, that will be natural in
second-order arithmetic, and at the same time capture classical properties of
products.

The goal is to develop as much theory as possible in RCAg, yet this sys-
tem, for the most part, cannot reason about pointwise properties of functions.
Another problem is that a natural definition of products can be sensitive to
representations. It is possible to construct a function f represented with the
sequence of simple functions (f,,) such that f = 0, but (f2), though pointwise
convergent to 0, does not converge in norm. Such a function can, for example,
be defined in the following way:

2n3z 0<z< 5
falz) =% 2n—2n%2 5 <z<h (1)
0 otherwise

A simple computation shows that (f,) is a Cauchy sequence in L; ([0, 1]) (con-
verging to the zero function), while (f2) is not.

This means that if one tries to define the product of two functions by the
products of their approximations, it can happen that f; = fo and g1 = g2, but
f191 # fog2. We want to structure the definition of products so that fg exists
if it exists for some representation, and coincides with the pointwise product (0
in this case).

It makes sense to start from the pointwise product of two functions. Classi-
cally, if f, g, and h are elements of L,(X), h is said to be the product of f and
g if h(x) = f(z)g(x) a.e. This definition is meaningful in our framework, and
it can be proved in WWKLg that the product of two functions, if it exists, is
unique and does not depend on representations. We will call this the pointwise
product of f and g. The shortcoming of this definition is that it uses pointwise
properties of functions. However, it cannot be modified to work in RCAg. The
logical rewording would be this:

If f, g and h are elements of L,(X), we say that h = fg if there exist
some representations (f,), (gn) and (hy) of f, g and h respectively,
such that h(xz) = f(x)g(x) whenever f(x) = lim, f,(x), g(x) =
lim,, g, (z) and h(x) = lim h,(z) all exist.

The problem with this definition is that it is too restrictive. Because it can

happen, for example, that h = h’ and both h(z) and h'(z) are defined, but

h(z) # h'(z), it is not possible to show that if h = fg and b’ = h then b’ = fg.
We consider instead the following, stronger characterization.
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Definition 5.1 (RCAy) If f,g and h are elements of L,(X) and if there exist
representations (fn) of f and (gn) of g such that ||h — fuognll, — 0 with a
fized rate of convergence for some h € Ly(X), then we say that h is the strong
product of f and g.

Notice that if for some representations (f,) and (g,) of f and g the sequence
(fngn) is Cauchy with a fixed rate of convergence, then the strong product fg
exists.

Proposition 5.2 (WWKLg) If fg = h in the strong sense, then fg = h point-
wise.

Proof. Assume (f,g,) converges to h in L, norm, and let = be such that
f(x),g(x) and h(x) are defined. Then, since ||h — frgnl|l, — 0 with a fixed
rate of convergence, one can construct subsequences (f/) and (g/,) of (f,) and
(gn) such that ||h — fl g} ||, < 27" for all n.

Let f’ be the function given by (f/), let ¢’ be the function given by (g.,), and
let ' be the function represented as (f),g.,). Then f' = f, ¢ = g, and b/ = h;
furthermore, f'(z) and ¢'(z) are defined because (f},) is a subsequence of (f,),
and similarly for (g},) and (g,). Therefore, f'(x) = f(z), and ¢'(z) = g(x)
implying

F(@)g(x) = F(@)g (2) = (i f}(2))(lim g} (x)) = lim f;,(2)g} (x) = lim b}, ().

Because lim,, h!, (x) exists, it is in fact equal to h(x), consequently, f(z)g(z) =
h(x) as required. O

This proof almost went through in RCAgy. The only argument that required
weak-weak Konig’s lemma was in stating that h(z) = h/(z).

From now on, we are going to use Definition 5.1: the remainder of the section
will show that this is justified, at least in the case when one of the functions
is essentially bounded. The strong product does not depend on representations
of f and g. Showing that the product, if it exists, is unique, requires WWKL,.
In this case, the proof is easy, since if hy = fg and hy = fg, then hy(z) =
f(x)g(x) = ha(z) a.e. which implies that hy = he. Notice that the definition
naturally takes care of our counterexample (1) above, as for the representation
of the zero function (0), its product with itself is also the zero function, as
required.

The main result of this section will be Proposition 5.5, which states that
the strong product of two functions, one of which is essentially bounded, exists.
First we show a weaker result.

Proposition 5.3 (RCAg) If f,g € Ly, o, then the strong product fg exists and
is also in Ly oo. In fact, for any choice of representations of f and g the sequence
(fngn) converges, and to the same function.

Proof. Let f be represented with (f,,), such that for all n, |f,| < My and g be
represented with (g,), with |g,| < M, for all n. To show that the sequence

12



(fngn) is convergent, we show it is Cauchy with a fixed rate of convergence. Let
m <n.

| fngn — fmgmlly = [fagn — fugm + fagm — fmgmllp
< Nfalgn = gm)llp + llgm (fo = frn)llp
< Mfom + M927m.

Pulling out constants outside of the norm is justified, because all functions in
question are simple, and measure is monotonic on simple functions.

Showing that the product does not depend on the representations of f and
g is analogous. Let (f,) and (f}) represent f, and (g,) and (g},) represent g.
This means that for all n, ||f, — fi], < 27" and ||g, — gL, < 27"'. By
assumption, ||k — frngn|p — 0 with a fixed rate of convergence. Recall also that
all representations of an essentially bounded function have the same bound.

1h = fagnlly < 1B = fagnlly + 1 fagn = frgnllp + 11290 = Frgnllp
< k= fagnllp + M2 + Mp27

which implies that ||h — f; g/, |, — 0 also (with a fixed rate of convergence). It
is immediate that |fg| < M;M,. O

To prove the more general claim, we will need the following (stronger) con-
dition (x):

Functions f and g are elements of L,(X), represented, respectively
as (fn) and (g,) and there exist a sequence of functions (h,) as well
as a function h in L,(X) such that f,gm, — h, when m — oo and
h,, — h when n — oo.

To be able to use this characterization, we need to show that it implies
Definition 5.1.

Proposition 5.4 (RCAg) If two functions f and g in L,(X) satisfy property
(x), then fg exists in the sense of Definition 5.1.

Proof. Assume f,¢m — h, — h. For each n let m, be such that lhn —
fnGm,|lp < 27™. Then it is clear that (f,) represents f and (g,,,) represents g
and |7 — fugm, |, = 0. 0

If another assumption is added, namely that one of the functions is essentially
bounded, then the other direction holds true as well. A sketch of the proof is
as follows.

Suppose ||k — fngnllp — 0 for some representations of f and g, and that f
is essentially bounded. According to the first fact below, for a fixed n, there
always exists h,, such that ||k, — fugml|l, — 0. Then

[h=hnllp < b= fugnllp + 1fagn = frgmllp + | fagm — hnllp
”h - fngan + Mf27n + ”fngm - hn”pa

IN
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which, since m is arbitrary, implies that ||h — k|, < [|h — fugnllp + M27™.
Letting n — oo, it follows that h,, — h in L,(X). This still does not conclude
the proof, because the conclusion should hold for any representation of f and
g. Lemma 5.5 will show that this is indeed the case.

Observe now some facts about products implied by (x):

1. [RCAg]: The sequence of functions (h,) in the definition above always
exists, since || fngm — fagrllp < My, llgm — gillp, where |f| < My, , so for
a fixed n the sequence (f,,gm) is strong Cauchy.

2. [RCAq]: The definition is independent of the order in which the limits are
taken: if fngm —— hm — h and fogm —— w, — w, then h = w.
Furthermore, one limit exists if and only if the other does.

This is because we have ||h —w||, < [|h—hm|lp + [[~m — Fagmllp + | fagm —
Wy lp + [Jwn, —wl|p for all n and m. For every k it is possible to choose m
and n large enough such that ||h — wl|, < 27"

The second part is proved by a slight modification of the argument, since
for example [ = wyllp < |h = hopllp + [[om = fagmllp + | fagm — wnllp for
all m (by the previous fact the sequence (h,,) always exists).

We now come to the promised main result of this section, which will, among
other things, enable us to integrate over arbitrary integrable sets. Notice that
(%) is precisely the characterization needed to prove the claim.

Proposition 5.5 (RCAg) Let f and g be in L,(X) for some p. If g is es-
sentially bounded, then fg exists as an element of L,(X). Furthermore, all
representations of f and g yield the same product.

Proof. Let f be represented with (f,), and g with (g,). Assume that g is
essentially bounded with |g| < M.

Fix n. Since f, € S(X), it is bounded, and there exists My, such that
|fn(z)| < My, for all . Consider (fngi | k € N). Let m > k.

”fngk - fngm”p < anQ_k.

Therefore, (f,gx | k € N) is a Cauchy sequence that represents f,g.
Next show that the sequence (f,g | n € N) is strong Cauchy in L,(X). For
n>m

[fmg = fuglle = 1(fm = fn) gllp
M|\ fon = fullp

<
< M2

The first inequality would be almost trivially true in WWKLgy. In RCA,,
however, it requires some work. It follows from these two facts:

I (fm — fn)ngp < Mg”fm - anm

14



which is true by monotonicity of measure for simple functions, and

H(fm_fn)gknp_) ”(fm_fn)ng (2)

That this is enough follows from the more general fact (with a simple proof)
that, if (z,) is a sequence of real numbers that converges to z, and if y is such
that for all n, @, <y, then <y as well. It remains to show (2).

It is true that ||g — gx||, < 27*. Furthermore,

H(fmffn)gi(fmffn)gknp = ”(gfgk)(fn*fm)np
< (Mg, +My,) 27",

since f,, and f,, are simple functions. This means that (f,,—fn) gx — (fm—Sfn) g
in L,(X) for each fixed m and n when k — oo, which also concludes the proof
of the above claim.

Consequently, there exists h € L,(X) such that ||h — frgll, — 0 as n — oo.
By property (%), h = fg.

To prove the second part, let f and g be as above, such that fngm —
h,, — h for some representations of f and g (recall that, if one of the functions is
essentially bounded, then property (x) coincides with the definition of products).
We will show that if (f]) and (g/,) are different representations of f and g, there
exists a sequence of functions (h},) in L,(X) such that f/g., — h!, > h.

Recall that for each n, h), exists. Since each f] is a simple function, for
every n there exists a positive constant My, such that |f] | < My . Next,

th_h;LHP < th_fngme+||fngm_f;bgm”p
+ fagm = Fagimllp + 1fngm — Ml
< ”hn - fngme + ]\/-’iq2_n—~_1
+ My 27 | g, — Rl

Since m is arbitrary, it follows that ||k, — hl ||, < M,27""1. Furthermore,
”h - h;L”p < Hh - hn”p + ||hn - h;al < Hh’ - han + Mg27n+1’
which approaches 0 when n — oo and with a fixed rate of convergence. O

Since g = fx¢ is integrable by Proposition 5.5, it is valid to define fG f=
u(fxa). We are now able to integrate over sets.

Similarly, to define a function by cases, for f to be fi on My, where f €
L,(X) and M}, a integrable set, define

F=Y" fixas

k=1

Linear combinations of integrable functions are integrable, and since fix s,
is integrable for each k, f is integrable.
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Corollary 5.6 (WWKLg) If f or g is essentially bounded, and if fg = h point-
wise a.e., then fg = h in the strong sense.

Proof. Since the strong product in this case exists, and is unique, the two have
to coincide. g

To summarize:
In RCAy we have the following:

e The strong product, if it exists, does not depend on representations.

e If one of the functions is essentially bounded, the strong product exists
and is unique.

In WWKL, the following hold:
e The strong product, if it exists, is unique. representations.

e The pointwise product, if it exists, is unique and does not depend on
representations.

e If A is the strong product of f and g, then h = fg a.e.

e If one of the functions is essentially bounded, then their pointwise product
exists.

e If one of the functions is essentially bounded, and h = fg a.e, then h = fg
in the strong sense.

Thus, when f or g is essentially bounded, Definition 5.1 provides a charac-
terization of the pointwise product that is useful in the absence of WWKLg, but
provably equivalent to the pointwise definition in the presence of WWKLg. This
situation is satisfactory. In general, however, the two may not be equivalent
for more general functions; in other words, when neither f nor g is essentially
bounded, they may have a pointwise product that is not a product in the strong
sense. This question is still open.

Defining powers of functions is also potentially problematic. (Before continu-
ing, note that the discussion below makes sense only for nonnegative functions.)
As with products, we can give two definitions. The first is pointwise.

Definition 5.7 (WWKLy) Let f € Ly(z) and let k € R. If there exists a
representation (f,) of f and h € L,(X) such that f*(z) = h(z) a.e., we say
that h is the pointwise k" power of f.

The other alternative is to consider convergence in norm.

Definition 5.8 (RCAy) Let f € L,(X) and let k € R. If there exists a repre-
sentation (f,) of f such that |h — f¥|, — 0 for some h € L,(X), we say that
h is the strong k' power of f.
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The relationships between the two definitions in RCAg and WWKLg are the same
as the ones for products.

Definition 5.8 is closely related to Definition 5.1, but is weaker. Although we
would hope that the two would coincide when considering f2 for some function
f, it is not necessarily the case: if f2 exists in the sense just defined, then f - f
exists as well. The reverse is still an open question: it is conceivable that two
different representations of f are taken to form the product, whereas for no
representation is (f2) convergent. As before, if f is an element of L, ., the
definitions do coincide. Assuming (f,), (f}) and (f;/) are all representations of
an essentially bounded function with bound My, and there is some function h
such that ||h — f, f/|l, — 0, the conclusion follows from the fact that

Ih=falp < b= fo il + W ds = fufally + 10 fo = £l
< b= fillp + M2 4 M2

For this reason, as in the case of products, it would be reasonable to restrict the
definition to essentially bounded functions only.

6 Further Properties of L, Spaces

The next task is to determine which of the standard properties of L, spaces
carry over to our framework, and for those that do, whether the same proofs
can be used and in which subsystem.

First we prove Holder’s inequality.

Lemma 6.1 (RCAg) If f € L,(X) and g € Ly(X) (wherep > 1, ¢ > 1 and
;—)—i—% = 1) are given with representations {f,) and (g,), then the sequence ( fngn)
is strong Cauchy in L1(X), therefore fg is integrable and ||fglli < | fllpll9llq-

Proof. In the standard proof, integrability of fg is not established separately,
as it is a consequence of Holder’s inequality: [ fg < co, which is enough in the
classical setup. We cannot follow this reasoning, since fg cannot be integrated
without the knowledge that it is integrable in the sense of one of the definitions
of products.

We are able to show, however, that for every n

[ frgnlls < anHp ”gana (3)

using the standard argument. The inequality ab < % + % holds for all non-
negative real numbers a and b is provable in RCAq (shown in Section 4). Let u

and v be any two simple functions. Let a = ‘ﬁ‘éﬁil and b = lﬁv(ml in the above

inequality, obtaining

u(@)| (@) 1 fu(@)” 1 |u(@)]?

lullp lollg ~ 2 llullp g lvlg
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Integrating yields the desired inequality. In particular, when v = f,, and v = g,
(3) follows.

Next, show that fg exists (and is integrable). Let m < m. Since f, — fin
and g, — g, are simple, Holder’s inequality for simple functions applies.

||fngn_fmgm||1 = |‘fngn_fngm+fngm_fmgm|‘l
S an(gn_gm)||1+||gm(fn_fm)||1
< fallp lgn = gmllq + lgmllq [1fr = Frnllp-

Every Cauchy sequence of real numbers is bounded: || f, |, < || fill,+27' = M
and ||gn 1 < [lg1]| +27" = M. Then

||fngn - fmgmHl S ]\412_m + M22_m7

which is a Cauchy sequence with a fixed rate of convergence. Since (f,g,) is a
strong Cauchy sequence, the strong product fg exists, and taking the limit in
(3) is justified. The Holder’s inequality follows. O

It is worth pointing out that our definition of L,, spaces is different from that
of most authors. Typically, a function is defined to be in L,(X) if and only if f
is measurable and |f|P € L;(X). We can prove that our definition is equivalent
to a similar characterization. Since we cannot discuss arbitrary functions, the
following lemma has to be stated for sequences instead.

Lemma 6.2 (RCAg) The sequence (f,) of simple functions is an element of
L,(X) if and only if ((f;1)P) and ((f,)?) are elements of L1(X).

Proof. Let (f,) be given and assume ((f*)P) € L;(X). The inequality |z —y|? <
|2 — yP| holds for all z,y € R (see Section 4) so

[ = falP < 1U)P = ()
for all n,m. Applying u to the inequality yields

£ = fallp < NP = (F)P <27

when m < n. Therefore, (f;F) and (f,;) are Cauchy in L,(X), meaning that f*
and f~ are elements of L,(X); consequently (f,) defines a function f € L,(X),
since f = ft — f~ € L,(X).

For the other direction, assume (f,) represents a function f € L,(X). It
suffices to show that if ¢ is nonnegative and g € L,(X), then g? € L1(X) (since
/T and f~ are nonnegative and both are elements of L,(X)).

Based on the inequality |z — 3P| < p|(z — y)(zP~* + yP~1)|, which is true
for all real = and y (see Section 4), it follows that

192 — g%l < p|(gn — gm) (g2 + g5 Y],
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for all n and m. Assume m < n. After integrating, and with the aid of Holder’s
inequality,

pllgn — gmllp lg " + g5 g

llgh —ghllh <
< plign = gmllp (g2 g + Ilgh M),

where ¢ is such that % + % =1.
Because g € L,y(X), [[gn — gmllp < 27™. Tt remains to estimate ||gZ~'|, and
lgt 14 Notice that p = (p — 1)q.

g lg = [u(gP~ DT = [u(gh)] 1 = ||gn|B/9.

The sequence (||gn||p) is Cauchy in R and thus bounded; let M be an upper
bound. Then
gk — ginlly < pMP/a 27",

and (gP) defines an integrable function, g”, therefore, both (f)? and (f~)? are
integrable. 0

Next we can determine the relationship among the L,(X) spaces. The proof
is adapted from [8].

Lemma 6.3 (RCAg) Forp < q, Ly(X) C L,(X).

Note: The statement Ly(X) C L,(X) is an abbreviation for “every function f
that can be represented as a Cauchy sequence in the L, norm has an equivalent
representation (in the L, sense) which is Cauchy in L,(X).”

Proof. It is sufficient to show that if (f,,) € Ly(X), then (f,) € L,(X), that is,
if || frm — fnllg < 27™ for all m and n such that m < n, then || fp, — full, <277
as well. It is clearly enough to show that ||g|l, < ||g|l4 for g € S(X). The claim
is derived from the following: for z,y € R, y4/? > %xq;Pp (y — x) + x9/P. This
inequality is provable in RCAg (sketch of proof in Section 4). In particular, let
f=lg/” (fisin C(X)) and let y = f(¢):

4—p

PN = Lo (7(0) — ) + 297

Recall that p(1) = 1. Since measure is monotonic on C(X), it follows that

p(fv) >

ST ) =)

and since the above inequality is true for all z € R, let = pu(f), obtaining
u(F97) = (p(f)YP,

which after some algebraic manipulation turns into ||g|lq > ||g|lp- O

Furthermore, if p < ¢ and f € Ly(X), then ||f|l, < ||f|lq- Lemma 6.3 also
implies that every function in L, (X), for any p > 1, is pointwise defined a.e. (as
it is also an element of L;(X)).
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7 Integrable Functions and Sets

We now restrict our attention to the space L1 (X).

Lemma 7.1 (ACAg) For f € L1(X) and any ¢ € R the sets {z | f(x) > ¢} and
{z | f(x) > ¢} are integrable.

Proof. Set f = (fn), with f,, € S(X). For each n and each ¢, {z | fn(z) > ¢} is
open, and f(z) = lim,, f,(z) for all z in the domain of f, a full F, set F. Since
characteristic functions of sets that differ by a null set are equal in L;(X), there
is no loss of generality in assuming that x € X instead of = € F'.

{z| flz)>ct = {z|ImIkYn>k fo(z)>c+27™}

U U Nzl fal@) > e+27m),

m=1k=1n>k

which is integrable, as {z | fn,(z) > ¢+ 27} is an open set and infinite com-
binations of integrable sets are integrable (in ACAg). The second claim follows
from the first, using complements. O

It is not difficult to show that the previous claim reverses to ACAy.
Theorem 7.2 (RCAg) The following are equivalent:

1. For f € L1(X) and any ¢ € R the set {x | f(z) > ¢} is integrable.

2. (ACA).

Proof. That (1) — (2) was proved in Lemma 7.1. To prove the other direction,
we will use item 2. from Lemma 1.1. For that purpose, let a sequence (a,,) of
nonnegative numbers be given, such that for all n, > ._ a; < 1. We are going
to construct a function f € L1([0,1]) such that

pl{a ] f2) >0} =) an. (4)

i<n

For this purpose, define a Cauchy sequence of simple functions (f,,) such that
1(fn) =3 i<, 5t~ This can be accomplished as follows. First define f;:

2y 0<zr<%
al 2

filz) = 1—a—21x G <r<a
0 a1 <x

Clearly, u(f1) = a1. Similarly, assuming f; is defined for ¢ < n, assuming it
satisfies (4), define

fin(f) Zkgi—l ap < v < Zkg ai, 1 <n,
2
f (m) — a, T Zkgn—l ap < x < Ek§n71 ak + %7
n = n
2"171 - (21_n z, Zkgn—l ak + % <z < Zkﬁn A,
07 Zkgn Q. S xT.
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Graphically:

where the length of the side of the i'" triangle lying on the z-axis is a; and each
triangle has area §f, hence pu(f,) = >, 5¢. The function corresponding to
this graph is a simple function.

First let us show that (f,) is a strong Cauchy sequence. Notice that the

sequence (f,) is increasing, so if m < n,

[fn = fml plfn = fm) = ) plf )

p(f
Z Z k — 2rn+17

k=m+

as required. This means that there is a function f € L;([0, 1]) represented with
this sequence. Furthermore, the set M = {z | f(x) > 0} is precisely the domain
of f with the exception of countably many points of the form =z = >, a;,
where f(x) = 0, but countable sets don’t affect measure. Since M is integrable,
p(M) exists, and it is not hard to show that u(M) =" ay, which completes
the proof. d

We now adapt a standard result from measure theory. The proof is similar
to the standard one.

Lemma 7.3 (ACAy) Let (f,) be a pointwise convergent sequence of functions
in L1(X), which converges in norm to an integrable function f. Then (f,)
converges to f pointwise a.e.

Proof. First show that (f,) has a subsequence that converges pointwise to f.
Since ||f — full — 0, for each k let f,, be such that || f — f,, | <27F.

We are going to show that p({z | limy fn, (z) # f(x)}) = 0, which will, by
regularity of measure for Gs sets, imply that limy, f,, () = f(x) a.e.

Let U = {x | limy, fn, (z) # f(x)}. Since

lin o, (@) # f(2) < 3m A3 > 1(f )~ fup()] > 277,

21



the set U can be represented as

v =UNU e

m 1 k>l

where Upp = {x [ | f(z) = fo,(x)] =277}

On the one hand, [, |fn,—f| < || fa,—fIl <27%. Ontheother, [;; |fn,—
f1=f, 27" =27"u(Upp). Therefore, i(Upmi) < 2m—k,

Next, “(Ukzl Uni) < ZkZl om—k — om=I+1 which implies

M(m U Umk) < 2m—l+1

1 k>l

for all [, and hence this set has measure 0. The set U, consequently, is the union
of sets of measure 0, so itself has measure 0. As was mentioned earlier, since
it is simple enough in structure, U is contained in a null G set, so it can be
assumed that U is a G5 set. Hence, the subsequence (f,,) converges a.e. to f.

This concludes the first part of the proof. It remains to show that the entire
sequence converges pointwise to f. By pointwise convergence of (f,), for all x
outside of a null G set there exists some & such that f,,(x) — Z. It remains to
show that & = f(z) a.e. Since

|2 = f(@)] < & = far (@) + |y (@) = f(2)],

it is easy to see that this is true. O

Compare this lemma to the result from Section 5 that if (f,g,) converges
strongly to h, then it converges pointwise to h as well. The proof of this fact
only needed WWKLy, whereas Lemma 7.3 is proved in ACAgy. There is no
contradiction between the two. The functions in Section 5 were simple, and
the convergence was strong: we have neither of the two in the previous lemma.

With additional assumptions, the reverse also holds, i.e. pointwise conver-
gence can imply convergence in norm.

Lemma 7.4 (ACAg) If (fn) is a sequence of integrable functions that converges
pointwise to an integrable function f, and if in addition || fn| < ||f]] (or || full —
If1I) then fn — f in L1(X).

A proof is given in the next section.

8 The Monotone Convergence Theorem

In [10], Yu showed that a weaker version of the monotone convergence theorem
is equivalent to (WWKL) over RCAg: if a monotonic sequence of integrable
functions pointwise converges to a known integrable function, then this sequence
is also convergent in L, norm. If the pointwise limit is not known beforehand
to be an integrable function, (ACA) is needed in the proof.
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Theorem 8.1 (ACAg) Assume (f,) is a monotonic sequence of functions in
L1(X) with bounded measure. Then there is f € L1(X) such that ||fn, — f|| — O,

and p(fn) = p(f)-

Proof. Without loss of generality, let (f,) be increasing, and u(f,) < M for all
n. Since (f,) is increasing, the sequence (u(f,,)) is an increasing sequence of real
numbers (Proposition 1.3) and as it is bounded, it is convergent and therefore
Cauchy so

Ve AN VA > m > N (|u(fa) — plfm)] <€)

and

[1(fn) = 1(fm)| = p(fn) = w(fm) = p(fn = fm) = pfn = fml),

which means that
Ve AN VYn >m > N (||fn — full < €).

The sequence (f,) is Cauchy, hence convergent in ACAg. Because L1 (X) is
complete, the sequence converges to an integrable function f such that u(f,) —

p(f)- O

For the reversal, it will be necessary to show that a function of the form
>k CkXr1, (where Iy, are disjoint, half-open intervals that cover [0,1]) is inte-
grable. The following situation arises:

Lemma 8.2 (RCAg) Let 0 = ag < a1 < --- < 1, define I, = [ak, ax+1) and
Ukl = [0,1]. Then x1, € L1([0,1]) and if (c) is a sequence of rational numbers
with |cx41 — cx| < M for all n and some constant M, then Y cpxr, € Li(z).

Proof. It is necessary to find a Cauchy sequence (with a fixed rate of convergence)
(gn) of functions in C'(X) such that lim, g, = >, crxx1,. Let I = apy1 — ax.
Fix n and define

gn(x) = ck, for ag + i - 27k < <apyq — - 27F,

(except when k& = 0, in which case the condition is 0 < z < a3 —lp-27") and
make it linear otherwise. Let m < n. Then g, and g,, differ only on the open

interval
(aps1 — Ui - 2757 apyy + lgq - 27F717™)

for each k. Each of these intervals has length lj41 -27%1=™ 41, - 27*=™ which
is less than 27%=™~1 and |g,, — gmm| < M on each, hence

/L(|gn - gm|) < ZM27kim71 = M27m+2.
k

The sequence (g,) therefore represents an integrable function: the function
Zk CeXIy- U

The reversal can now be proved.
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Theorem 8.3 (RCAg) The following are equivalent:
1. (ACA).

2. Monotone convergence theorem for an arbitrary measure on a complete
separable metric space.

3. Monotone convergence theorem for the Lebesgue measure on [0,1].

Proof. (1) — (2) was proved above and (2) — (3) is immediate. It remains to
show (3) — (1). Let (a,) be a monotonic bounded sequence of real numbers.
We may assume 0 < a1 < ag < --- < 1. The goal is to show that this sequence is
convergent, which will in turn imply arithmetic comprehension (by Lemma 1.1).
We will construct an increasing, pointwise convergent sequence of functions (f,,)
in L0, 1], such that u(f,) = a,. Assume the monotone convergence theorem
holds. One of the conclusions of the theorem was that u(f,) converges. This
will imply that (a,) is convergent as well.
It remains to construct the desired sequence of functions.

a v <3
_ 2a0 — aq % <z < %
fu(z) =
n—1
2" lg, — 2" 2aq,_ 1 — - —a 22—j1 <x <1

For each fixed n, f, is a step function that jumps at every 21;;1 for1 <k<
n — 1, with step size bounded by 2"~!. According to Lemma 8.2, f,, € L1([0,1])
for each n. Furthermore, u(f,) = an, the sequence is increasing and converges
everywhere except possibly at 1, and is therefore as required. This completes
the proof. O

The monotone convergence theorem helps establish integrability of suprema
and infima of sequences of integrable functions in the case their norms are
uniformly bounded (or if the functions are essentially bounded with the same
bound).

The supremum of a sequence of functions is the L; limit of the sequence
defined as g, = max{fi,...fn} (the definitions of inf, f,, liminf, f, and
lim sup,, f,, are similar). This definition is not to be confused with the pointwise
definition: in ACAg for a.e. z, sup,, fn(x) exists, but it is not obvious that these
pointwise values define an integrable function. Unless otherwise specified, all
limits, suprema or infima, and all equalities will be meant in the L; sense.

Proposition 8.4 (ACAy) If (f,) is a sequence of functions in Ly such that
|u(fn)l < M, then sup,, fn, inf, fn, limsup f,, as well as liminf f,, are all inte-
grable as well.

Proof. Consider only sup,, f, and limsup,, f,, since the argument for inf, f,
and liminf,, f,, is analogous. Define g, = max{fi,... fn}. The sequence (g,)
is increasing and ||g,|| < M. Theorem 8.1 applies: lim, g, = sup f, is an
integrable function.
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The argument for lim sup,, f,, is similar. Define h,, , = max,<m<g frn. Then
hng € L1(X) and ||hp k|| < M for all k,n and, for a fixed n, (h,; | £ € N)
is increasing. By the monotone convergence theorem, for all n, limy, A, exists
and is in L1(X). Set hy, = limy, by, ) = Supy>,, fx, then h, € Ly (X) for all n.

Applying a similar argument to the sequence h,, (decreasing sequence of
functions on L1 (X), bounded in measure), it follows that lim,, h, exists and is
in L1 (X). But this limit is lim sup,, f,, hence limsup,, f, € L1(X), as required.
O

Proposition 8.4 and Lemma 7.3, imply (in ACAg) that if a sequence (f,)
converges pointwise to an integrable function f, then liminf, f, = f.

Corollary 8.5 (ACAy) (Fatou’s Lemma) Let (f,,) be a sequence of nonneg-
ative integrable functions with u(f,) < M for all n. Then

p(liminf f,) < lminf p(f,).

Proof. Let g, = infy>,, fx. Then by Proposition 8.4, g, € L1(X) for each n, so
(gn) is an increasing sequence of integrable functions such that p(g,) < p(fn) <
M for all n. Since

v (u(gn) < p(fn)) — liminf p(g,) < liminf u(f,)
and liminf,, u(g,) = lim,, u(g,) = p(liminf, f,), it follows that
u(lin}linf fn) < lin}linf,u(fn)
as required. O

Now we can complete the proof of Lemma 7.4, promised in the last section.

Proof. First observe that |f,| + [f| — |f — fu| — 2|f| pointwise. According to
the comment after Proposition 8.4, liminf, (|fn]| + |f] = |f — fzl) = 2|f| and by
Fatou’s Lemma

2u(lf) = pQiminf [ fo] + |f] = [f = ful) < lminf u(|fal + [f] = |f = ful)
(1) + T ([ f]) + T inf (= (| f = fal))
2u(| f]) = 1imnsupu(|f — fal)-

IN

The last inequality yields 0 < limsup,, u(|f — fr]) < 0, and it is easy to show
that this implies lim,, u(|f — fn|) = 0. O
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Conclusion

Although setting the foundations for work in measure theory is more difficult
than in usual mathematical practice (definition of products serves as an ex-
cellent example of this), once the set-up is complete, many of the standard
theorems follow, some in weak fragments of second-order arithmetic, like RCA
and WWKLy. Though it is conceivable that there is a more natural approach
to these topics, the current approach is capable of dealing with measure theory
in a, for the most part, straightforward way.
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